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ÒÚÂ˜ ‹ÌÔ˘Ó ÛÎ˘Ì¤ÓÔ˜ ÛÙÔ ÁÚ·ÊÂ›Ô ÌÔ˘.

Θεσσαλ�ν	κη, N��μ
ρι�ς 1997 ΘΩMAΣ N. BAΛIAΣHΣ



5

¶EPIEXOMENA

MEPO™ ¶PøTO

H ENTA™H TøN °PAMMIKøN I™O™TATIKøN ºOPEøN

EI™A°ø°H.........................................................................................................................     9

1 . °ENIKE™ APXE™

1.1 H KINH™H TOY ¢I™KOY................................................................................    12

1.2 ™THPI•EI™ - ™YN¢E™MOI..............................................................................   14

1.3 E•I™ø™EI™ ™TATIKH™ I™OPPO¶IA™

- Y¶O§O°I™MO™ TøN ANTI¢PA™EøN TOY ¢I™KOY..................................   19

1.4 E™øTEPIKE™ ¢YNAMEI™ TOY ¢I™KOY........................................................   20

2 . H A¶§H ¢OKO™

2.1 °ENIKA...........................................................................................................   26

2.2 E¶I§Y™H TH™ ¢OKOY...................................................................................   27

2.3 ¢IAºOPIKE™ E•I™ø™EI™ TH™ ¢OKOY - XAPAKTHPI™TIKE™

I¢IOTHTE™ TøN ¢IA°PAMMATøN M,Q,N EY£Y°PAMMøN ¢OKøN.......

28

2.4 APXH TH™ E¶A§§H§IA™.............................................................................   44

2.5 ™YMMETPIA - ANTI™YMMETPIA..................................................................   46

2.6 OMO§O°H ¢OKO™........................................................................................   48

3 . ¢IKTYøMATA

3.1 °ENIKA..........................................................................................................   53

3.2 MOPºø™H TøN E¶I¶E¢øN ¢IKTYøMATøN.............................................   54

3.3 ™TATIKOTHTA TøN ¢IKTYøMATøN..........................................................   57

3.4 KINHTOTHTA TøN ¢IKTYøMATøN............................................................   57

3.5 ¶APA¢OXE™ °IA THN E¶I§Y™H TøN ¢IKTYøMATøN.............................   60

3.6 ME£O¢OI E¶I§Y™H™....................................................................................   61

4 . H AP£PøTH ¢OKO™

4.1 ™YNEXH™ ¢OKO™..........................................................................................   84



6

4.2 AP£PøTH ¢OKO™.........................................................................................   84

5 . ¶§AI™IA

5.1 °ENIKA...........................................................................................................   91

5.2 A¶§A AMºIEPI™TA ¶§AI™IA.......................................................................   94

5.3 TPIAP£PøTA ¶§AI™IA.................................................................................   97

5.4 ™TATIKOTHTA KAI ™TEPEOTHTA TøN ¶§AI™IøN..................................   100

5.5 ™YN£ETA ¶§AI™IA......................................................................................   108

6 . KAM¶Y§E™ ¢OKOI - TO•A

6.1 KAM¶Y§E™  ¢OKOI....................................................................................    112

6.2 TO•A............................................................................................................   118

7 . KA§ø¢IAKOI ºOPEI™

7.1 °ENIKA.........................................................................................................   126

7.2 E¶I§Y™H ME THN EºAPMO°H TøN ™YN£HKøN I™OPPO¶IA™..............

127

7.3 E¶I§Y™H ME TH BOH£EIA TH™ OMO§O°H™ ¢OKOY..............................   131

7.4 AP£PøTO™ ™YPMO™ PAB¢øN...................................................................   136

8 . ENI™XYMENE™ ¢OKOI

8.1 °ENIKA.........................................................................................................   138

8.2 E¶I§Y™H TH™ ENI™XYMENH™ ¢OKOY......................................................   140

9 . °PAMME™ E¶IPPOH™

9.1 °ENIKA.........................................................................................................   157

9.2 OPI™MO™ TøN °PAMMøN E¶IPPOH™.......................................................   158

9.3. EYPE™H TøN °PAMMøN E¶IPPOH™.........................................................   159

9.4 KINHMATIKH ME£O¢O™............................................................................   173

9.5 XPH™IMOTHTA TøN °PAMMøN E¶IPPOH™.............................................   200

MEPO™   ¢EYTEPO

¶APAMOPºø™EI™

EI™A°ø°H.......................................................................................................................   218

10. ENEP°EIAKE™ ME£O¢OI

10.1 °ENIKA........................................................................................................   220

10.2 EP°O E•øTEPIKøN ¢YNAMEøN..............................................................   220



7

10.3 EP°O E™øTEPIKøN ¢YNAMEøN - E§A™TIKH ENEP°EIA

¶APAMOPºø™H™.......................................................................................   222

10.4 E§A™TIKH ENEP°EIA °PAMMIKøN ºOPEøN.........................................    227

10.5 Y¶O§O°I™MO™ TøN METAKINH™EøN ME THN EºAPMO°H

TH™ APXH™ TH™ ¢IATHPH™H™ TH™ ENŒP°EIA™....................................   230

10.6 E§A™TIKH ENEP°EIA §O°ø ¢IAºOPETIKøN ¶APAMOPºø™EøN.......

233

10.7 ¶APAMOPºø™EI™ TOY A¶EIPO™TOY ™TOIXEIOY §O°ø

ºOPTIøN ¢IATOMH™ KAI METABO§øN £EPMOKPA™IA™.....................   233

10.8 TO ™XHMA TOY ¶APAMOPºøMENOY ºOPEA.......................................   239

10.9 APXH TøN ¢YNATøN EP°øN °IA E§A™TIKA ™øMATA.........................   242

       10.10 Y¶O§O°I™MO™ TøN METAKINH™EøN ME THN APXH TøN

¢YNATøN EP°øN.......................................................................................   244

       10.11 Y¶O§O°I™MO™ OPI™MENøN O§OK§HPøMATøN TH™ MOPºH™

ÚÊ(x).„(x)dx ME TH BOH£EIA ¶INAKøN................................................    254

      10.12 KATANA°KA™MOI.......................................................................................   255

       10.13 Y¶O§O°I™MO™ TøN METAKINH™EøN §O°ø KATANA°KA™MøN.........

258

       10.14 £EøPHMA BETTI........................................................................................   263

       10.15 £EøPHMA CASTIGLIANO..........................................................................   268

11. °EøMETPIKE™ ME£O¢OI

11.1 °ENIKA.........................................................................................................   273

11.2 ME£O¢O™ TøN PO¶øN.............................................................................   274

11.3 ME£O¢O™ MOHR - E§A™TIKH °PAMMH..................................................   278

12. ¶PO™E°°I™TIKH E¶I§Y™H Y¶EP™TATIKøN ºOPEøN

12.1 °ENIKA.........................................................................................................   315

12.2 TPO¶O™ E¶I§Y™H™.....................................................................................   316

12.3 ¶§AI™IA.......................................................................................................   316

12.4 ¢IKTYøMATA..............................................................................................   324



706

MEPOΣ ΔEYTEPO

METAKINHΣEIΣ IΣOΣTATIKΩN ΦOPEΩN

EI™A°ø°H ............................................................................................................................. 219

10. ENEPΓEIAKEΣ MEΘOΔOI
10.1 °ENIKA................................................................................................................. 221
10.2 EP°O E•øTEPIKøN ¢YNAMEøN........................................................................ 221
10.3 Y¶O§O°I™MO™ TøN METAKINH™EøN ME THN EºAPMO°H TH™ APXH™

TH™ ¢IATHPH™H™ TH™ ENEP°EIA™.................................................................... 223



707

10.4 Y¶O§O°I™MO™ TøN METAKINH™EøN ME THN EºAPMO°H TH™ APXH™
TøN ¢YNATøN EP°øN ........................................................................................ 234

10.5 Y¶O§O°I™MO™ OPI™MENøN O§OK§HPøMATøN TH™ MOPºH™

Úf(x) „(x)dx  ME TH BOH£EIA ¶INAKøN ............................................................. 254

10.6 KATANA°KA™MOI................................................................................................ 255
10.7 Y¶O§O°I™MO™ TøN METAKINH™EøN §O°ø KATANA°KA™MøN..................... 258
10.8 £EøPHMA CASTIGLIANO ................................................................................... 264
10.9 £EøPHMA BETTI................................................................................................. 270
10.10 TO ™XHMA TOY ¶APAMOPºOMENOY ºOPEA ................................................ 274

11. ΓEΩMETPIKEΣ MEΘOΔOI

11.1 °ENIKA................................................................................................................. 278
11.2 ME£O¢O™ TøN PO¶øN...................................................................................... 279
11.3 ME£O¢O™ MOHR - E§A™TIKH °PAMMH............................................................ 283

12. ΠPOΣEΓΓIΣTIKH EΠIΛYΣH YΠEPΣTATIKΩN ΦOPEΩN

12.1 °ENIKA................................................................................................................. 320
12.2 TPO¶O™ E¶I§Y™H™ ............................................................................................ 321
12.3 ¶§AI™IA ............................................................................................................... 321
12.4 ¢IKTYøMATA....................................................................................................... 329

MEPOΣ TPITO

YΠEPΣTATIKOI ΦOPEIΣ

13. MEΘOΔOΣ ΔYNAMEΩN (MEΘOΔOΣ EYKAMΨIAΣ)

13.1 °ENIKA................................................................................................................. 333
13.2 TO ™KE¶TIKO TH™ ME£O¢OY ¢YNAMEøN....................................................... 333
13.3 ¢EIKTE™ EYKAMæIA™ ........................................................................................ 337
13.4 ™YMMETPIA - ANTI™YMMETPIA ......................................................................... 356
13.5 E•I™ø™H TøN TPIøN PO¶øN ............................................................................. 377
13.6 METAKINH™EI™ Y¶EP™TATIKøN ºOPEøN ........................................................ 389
13.7 E§A™TIKH °PAMMH Y¶EP™TATIKøN ºOPEøN................................................. 405
13.8 °PAMME™ E¶IPPOH™ (°.E)................................................................................. 415

14. KΛAΣIKH MEΘOΔOΣ METAKINHΣEΩN

14.1 °ENIKA ............................................................................................................... 453
14.2 KINHMATIKH AOPI™TIA (°ENIKA) ...................................................................... 454
14.3 OI BA£MOI E§EY£EPIA™ TH™ K§A™IKH™ ME£O¢OY METAKINH™EøN ........ 456
14.4 ™XHMATI™MO™ TøN PAB¢øN .......................................................................... 459
14.5 ¶PO™HMA TH™ ME£O¢OY METAKINH™EøN ................................................... 461
14.6 ¢OMIKA ™TOIXEIA TøN ºOPEøN  –E•I™ø™EI™ PO¶øN– METAKINH-

™EøN.................................................................................................................. 462
14.7 TO ™KE¶TIKO TH™ ME£O¢OY METAKINH™EøN ............................................. 466
14.8 ™YNEXEI™ ¢OKOI .............................................................................................. 473
14.9 ¶A°IA ¶§AI™IA................................................................................................... 475
14.10 Y¶EP¶A°IA ¶§AI™IA ......................................................................................... 481
14.11 KINHTA ¶§AI™IA ................................................................................................ 485
14.12 KATANA°KA™MOI .............................................................................................. 522



708

15. MHTPΩIKH ΔIATYΠΩΣH THΣ MEΘOΔOY METAKINHΣEΩN

(MEΘOΔOΣ ΔYΣKAMΨIAΣ)

15.1 Y¶O§O°I™MO™ TøN ME°E£øN ŒNTA™H™ ........................................................ 540
15.2 Y¶O§O°I™MO™ TøN METAKINH™EøN ............................................................... 575
15.3 Y¶O§O°I™MO™ TH™ E§A™TIKH™ °PAMMH™ ..................................................... 575
15.4 Y¶O§O°I™MO™ TøN °PAMMøN E¶IPPOH™ ...................................................... 575
15.5 E§E°XO™ TøN A¶OTE§E™MATøN..................................................................... 584
15.6 ¶APA§§H§I™MO™ TøN ME£O¢øN ¢YNAMEøN KAI METAKINH™EøN ............ 586

16. MEΘOΔOΣ CROSS

16.1 °ENIKA................................................................................................................. 591
16.2 ¶PO™HMA TH™ ME£O¢OY CROSS .................................................................... 592
16.3 ¢EIKTH™ ¢Y™KAMæIA™ ¢OKOY......................................................................... 592
16.4 ™YNTE§E™TH™ METABIBA™H™ ¢OKOY ............................................................. 592
16.5 ™YNTE§E™TH™ KATANOMH™ ............................................................................. 593
16.6 ANA¶TY•H TH™ ME£O¢OY CROSS ................................................................... 595
16.7 ™YNEXEI™ ¢OKOI................................................................................................ 598
16.8 ¶A°IA KAI Y¶EP¶A°IA ¶§AI™IA ......................................................................... 603
16.9 KINHTA ¶§AI™IA .................................................................................................. 606

17. EΦAPMOΓH THΣ MEΘOΔOY METAKINHΣEΩN  ΣTON H.Y.

17.1 °ENIKA................................................................................................................. 626
17.2 TO ™KE¶TIKO TH™ EºAPMO°H™ TH™ AME™H™ ME£O¢OY ¢Y™KAMæIA™

™TON H.Y. ............................................................................................................ 626
17.3 TO HMIEYPO™ TAINIA™ TOY ™Y™THMATO™ E•I™ø™EøN I™OPPO¶IA™ .......... 638

ΠAPAPTHMATA

I. ΠINAKEΣ ........................................................................................................................ 646

II. ΘEMATA E�ETAΣTIKΩN ΠEPIOΔΩN ΣTO TMHMA ΠOΛITIKΩN MHXANIKΩN
THΣ ΠOΛYTEXNIKHΣ ΣXOΛHΣ TOY A.Π.Θ. .................................................................. 659

Eº. ™TATIKH I: IÛÔÛÙ·ÙÈÎÔ› ÊÔÚÂ›˜ (¤ÓÙ·ÛË - ÌÂÙ·ÎÈÓ‹ÛÂÈ˜ - ÂÏ·ÛÙÈÎ‹ ÁÚ·ÌÌ‹)............. 661

Eº. ™TATIKH II: M¤ıÔ‰Ô˜ ‰˘Ó¿ÌÂˆÓ ............................................................................ 676

Eº. ™TATIKH III: M¤ıÔ‰Ô˜ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ ...................................................................... 689



333

13
MEΘOΔOΣ ΔYNAMEΩN (MEΘOΔOΣ EYKAMΨIAΣ)

13.1 ΓENIKA

°È· ÙËÓ Â›Ï˘ÛË ÙˆÓ ÈÛÔÛÙ·ÙÈÎÒÓ ÊÔÚ¤ˆÓ (Â‡ÚÂÛË ÙˆÓ ·ÓÙÈ‰Ú¿ÛÂˆÓ -Â‡ÚÂÛË
ÙˆÓ ÌÂÁÂıÒÓ ¤ÓÙ·ÛË˜) ·ÚÎÔ‡Ó ÔÈ Û˘Óı‹ÎÂ˜ ÈÛÔÚÚÔ›·˜. °È· ÙËÓ Â›Ï˘ÛË ÙˆÓ
˘ÂÚÛÙ·ÙÈÎÒÓ ÊÔÚ¤ˆÓ Ú¤ÂÈ ÂÎÙfi˜ ·fi ÙÈ˜ Û˘Óı‹ÎÂ˜ ÈÛÔÚÚÔ›·˜ Ó· ‰È·Ù˘ˆ-
ıÔ‡Ó ÂÈÏ¤ÔÓ Û˘Óı‹ÎÂ˜ ›ÛÂ˜ ÛÂ ·ÚÈıÌfi ÌÂ ÙÔ ‚·ıÌfi ÛÙ·ÙÈÎ‹˜ ·ÔÚÈÛÙ›·˜  n.
K·È ÂÓÒ ÁÈ· ÙË ‰È·Ù‡ˆÛË ÙˆÓ Û˘ÓıËÎÒÓ ÈÛÔÚÚÔ›·˜ ··ÈÙÂ›Ù·È Ó· ÏËÊıÂ›
˘fi„Ë ÌfiÓÔ Ë ÁÂˆÌÂÙÚ›· ÙÔ˘ ÊÔÚ¤·, ÁÈ· ÙÈ˜ ÂÈÏ¤ÔÓ Û˘Óı‹ÎÂ˜, ÂÎÙfi˜ ·fi ÙË
ÁÂˆÌÂÙÚ›· Ú¤ÂÈ Ó· ÏËÊıÔ‡Ó ˘fi„Ë Î·È ÔÈ È‰ÈfiÙËÙÂ˜ ÙÔ˘ ˘ÏÈÎÔ‡ ·fi ÙÔ ÔÔ›Ô
Â›Ó·È Î·Ù·ÛÎÂ˘·ÛÌ¤ÓÔ˜ Ô ÊÔÚ¤·˜. A˘Ù¤˜ ÂÎÊÚ¿˙ÔÓÙ·È ÌÂ Ù· ÂÏ·ÛÙÈÎ¿ ¯·Ú·ÎÙËÚÈ-
ÛÙÈÎ¿ Ô˘ Â›Ó·È ÙÔ Ì¤ÙÚÔ ÂÏ·ÛÙÈÎfiÙËÙ·˜, Ë ‰È·ÙÔÌ‹, Î·È Ë ÚÔ‹ ·‰Ú¿ÓÂÈ·˜ ÙË˜
‰È·ÙÔÌ‹˜.

™ÙÔ ÎÂÊ¿Ï·ÈÔ ·˘Ùfi ı· ·Ó·Ù˘¯ıÂ› Ë ÎÏ·ÛÈÎ‹ Ì¤ıÔ‰Ô˜ ÙˆÓ ‰˘Ó¿ÌÂˆÓ ÌÂ ÙËÓ
ÔÔ›· ÂÈÏ‡ÔÓÙ·È ÔÈ ˘ÂÚÛÙ·ÙÈÎÔ› ÊÔÚÂ›˜.

13.2  TO ΣKEΠTIKO THΣ MEΘOΔOY ΔYNAMEΩN

TÔ ÛÎÂÙÈÎfi ÙË˜ ÌÂıfi‰Ô˘ ‰˘Ó¿ÌÂˆÓ ı· ‰ÔıÂ› Ì¤Û· ·fi ÙËÓ ·Ó¿Ï˘ÛË ÙˆÓ ‰‡Ô
·Ú·‰ÂÈÁÌ¿ÙˆÓ Ô˘ ·ÎÔÏÔ˘ıÔ‡Ó.

Παρ�δειγμα 13.1  H ‰ÔÎfi˜ ÙÔ˘ Û¯. 13.1 Â›Ó·È ÌÈ· ÊÔÚ¿ ˘ÂÚÛÙ·ÙÈÎ‹  (n=1)  Î·È
ÏfiÁˆ ÙÔ˘ ÊÔÚÙ›Ô˘  P  ·Ó·Ù‡ÛÛÔÓÙ·È ÔÈ ·ÓÙÈ‰Ú¿ÛÂÈ˜  Ax, Ay, MA, By.

°È· ÙËÓ Â›Ï˘ÛË ÙË˜ ·ÎÔÏÔ˘ıÔ‡ÓÙ·È Ù· ÂÍ‹˜ ‚‹Ì·Ù·.

– H ‰ÔÎfi˜ Á›ÓÂÙ·È ÈÛÔÛÙ·ÙÈÎ‹. A˘Ùfi ÌÔÚÂ› Ó· ÂÈÙÂ˘¯ıÂ› ÌÂ ÙËÓ ·Ê·›ÚÂÛË Â›ÙÂ
ÌÈ·˜ Ú¿‚‰Ô˘ ÛÙ‹ÚÈÍË˜ Â›ÙÂ ÌÈ·˜ Ú¿‚‰Ô˘ ·fi Î¿ÔÈ· ‰È·ÙÔÌ‹ ÙË˜. O ÈÛÔÛÙ·ÙÈ-
Îfi˜ ÊÔÚ¤·˜ Ô˘ ÚÔÎ‡ÙÂÈ Î·Ù’ ·˘ÙfiÓ ÙÔÓ ÙÚfiÔ Î·ÏÂ›Ù·È ÈÛÔÛÙ·ÙÈÎfi Î‡ÚÈÔ
Û‡ÛÙËÌ· ‹ ÁÈ· Û˘ÓÙÔÌ›· ·ÏÒ˜ Î‡ÚÈÔ Û‡ÛÙËÌ· (K.™.).
AÓ ·Ê·ÈÚÂıÂ› .¯. Ë Ú¿‚‰Ô˜ ÙË˜ ÛÙ‹ÚÈÍË˜  B  ÚÔÎ‡ÙÂÈ Ô Úfi‚ÔÏÔ˜ ÙÔ˘ Û¯.
13.1 Ô ÔÔ›Ô˜ Â›Ó·È ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÙË˜ ˘ÂÚÛÙ·ÙÈÎ‹˜ ‰ÔÎÔ‡.
H ·ÓÙ›‰Ú·ÛË  By  Ô˘ ÌÂÙ·‚›‚·˙Â ÛÙÔ ÊÔÚ¤· Ë Î·Ù·ÚÁËıÂ›Û· ÛÙ‹ÚÈÍË ¯·Ú·-
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ÎÙËÚ›˙ÂÙ·È Û·Ó ˘ÂÚ¿ÚÈıÌË ÔfiÙÂ Û˘Ì‚ÔÏ›˙ÂÙ·È ÌÂ  X  Î·È Â›Ó·È Ë ¿ÁÓˆÛÙË Ô˘
Ú¤ÂÈ Ó· ˘ÔÏÔÁÈÛıÂ›. H Û¯Â‰›·ÛË ÛÙÔ K.™. Î·È ÙË˜ ˘ÂÚ¿ÚÈıÌË˜  X  Á›ÓÂÙ·È
ÁÈ· ÏfiÁÔ˘˜ ÂÔÙÂ›·˜.

Σ�. 13.1

– TÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÊÔÚÙ›˙ÂÙ·È ÌÂ ÙÔ
ÂÍˆÙÂÚÈÎfi ÊÔÚÙ›Ô  P (Û¯. 13.1a)  Î·È
˘ÔÏÔÁ›˙ÂÙ·È Ë ÌÂÙ·Î›ÓËÛË Î·Ù¿ ÙË
‰ÈÂ‡ı˘ÓÛË ÙË˜ Î·Ù·ÚÁËıÂ›Û·˜ Ú¿‚‰Ô˘
ÛÙÔ  B  ÌÂ ÌÈ· ·fi ÙÈ˜ ÌÂıfi‰Ô˘˜ ˘ÔÏÔ-
ÁÈÛÌÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ ÙˆÓ ÈÛÔÛÙ·-
ÙÈÎÒÓ ÊÔÚ¤ˆÓ ·fi ÙËÓ ÔÔ›· ÚÔÎ‡-
ÙÂÈ

‰B, p = + Pl3

2EI
13.1

™ÙÔ Û˘Ì‚ÔÏÈÛÌfi ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ Ô
ÚÒÙÔ˜ ‰Â›ÎÙË˜ ·Ó·Ê¤ÚÂÙ·È ÛÙË ı¤ÛË
ÙË˜ ÌÂÙ·Î›ÓËÛË˜ Î·È Ô ‰Â‡ÙÂÚÔ˜ ÛÙÔ
·›ÙÈÔ Ô˘ ÙËÓ ÚÔÎ·ÏÂ›.

– TÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÊÔÚÙ›˙ÂÙ·È ÌÂ ÙËÓ
˘ÂÚ¿ÚÈıÌË ‰‡Ó·ÌË  X (Û¯. 13.1.b)  Î·È
˘ÔÏÔÁ›˙ÂÙ·È Ë ÌÂÙ·Î›ÓËÛË Î·Ù¿ ÙË
‰ÈÂ‡ı˘ÓÛË ÙË˜ Î·Ù·ÚÁËıÂ›Û·˜ Ú¿‚‰Ô˘
ÛÙÔ  B. Afi ÙÔÓ ˘ÔÏÔÁÈÛÌfi ÚÔÎ‡ÙÂÈ

‰B, X = – Xl3

3EI
13.2

– EÂÈ‰‹ Á›ÓÂÙ·È ‰ÂÎÙfi fiÙÈ ÈÛ¯‡ÂÈ Ë ·Ú¯‹ ÙË˜ Â·ÏÏËÏ›·˜, Ë Ù·˘Ùfi¯ÚÔÓË Â›-
‰Ú·ÛË ÛÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÙˆÓ  P  Î·È  X  ı· ‰ÒÛÂÈ ÌÂÙ·Î›ÓËÛË

‰B = ‰B, p+‰B, X = 0 13.3

ÁÈ·Ù› Ë ÛÙ‹ÚÈÍË  B  ··ÁÔÚÂ‡ÂÈ ÙËÓ Î¿ıÂÙË ÌÂÙ·Î›ÓËÛË.

H ÂÍ›ÛˆÛË 13.3. Î·ÏÂ›Ù·È Û˘Óı‹ÎË Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ Î·È ·’ ·˘Ù‹
˘ÔÏÔÁ›˙ÂÙ·È Ë ¿ÁÓˆÛÙË  X. ¶Ú¿ÁÌ·ÙÈ ·Ó Û’ ·˘Ù‹ ·ÓÙÈÎ·Ù·ÛÙ·ıÔ‡Ó ÔÈ
‰B, p, ‰B, X  ·fi ÙÈ˜  ÂÍÈÛÒÛÂÈ˜ 13.1, 13,2 ÚÔÎ‡ÙÂÈ

+ Pl3

2EI
 – Xl3

3EI
 = 0     fi     X = 3P

2
13.4

MÂÙ¿ ÙÔÓ ˘ÔÏÔÁÈÛÌfi ÙÔ˘ ˘ÂÚ¿ÚÈıÌÔ˘ ÊÔÚÙ›Ô˘ Ô ÊÔÚ¤·˜ ·ÓÙÈÌÂÙˆ›˙ÂÙ·È
Û·Ó ¤Ó·˜ ÈÛÔÛÙ·ÙÈÎfi˜ ÊÔÚ¤·˜ Ô˘ ‰¤¯ÂÙ·È Ù· ÊÔÚÙ›·  P  Î·È  X  Î·È ÂÈÏ‡ÂÙ·È Î·-
Ù¿ Ù· ÁÓˆÛÙ¿.

H ÂÈÏÔÁ‹ ÙË˜ ˘ÂÚ¿ÚÈıÌË˜ (‹ ÙˆÓ ˘ÂÚ·Ú›ıÌˆÓ) Û’ ¤Ó·Ó ˘ÂÚÛÙ·ÙÈÎfi ÊÔÚ¤·
Â›Ó·È ·˘ı·›ÚÂÙË, ·ÚÎÂ› ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· Ô˘ ÚÔÎ‡ÙÂÈ Ó· ÌËÓ ÂÌÊ·Ó›˙ÂÈ ÎÈÓËÙfi-
ÙËÙ·. O fiÁÎÔ˜ fiÌˆ˜ ÙˆÓ ˘ÔÏÔÁÈÛÌÒÓ ÂÍ·ÚÙ¿Ù·È ·fi ÙËÓ ÂÈÏÔÁ‹ ·˘Ù‹.

™ÙË ‰ÔÎfi ÙÔ˘ Û¯. 13.1 ·Ó ·ÓÙ› ÙË˜  By   ÂÈÏÂÁÂ› Û·Ó ˘ÂÚ¿ÚÈıÌÔ ÊÔÚÙ›Ô Ë ÚÔ‹
MA  ÙfiÙÂ ÚÔÎ‡ÙÂÈ ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÙÔ˘ Û¯. 13.2. H Â›Ï˘ÛË ÛÙËÓ ÂÚ›ÙˆÛË
·˘Ù‹ Á›ÓÂÙ·È ÌÂ ÙÔÓ ›‰ÈÔ ÙÚfiÔ:
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– ºÔÚÙ›˙ÂÙ·È ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÌÂ ÙÔ ÊÔÚÙ›Ô  P  Î·È ˘ÔÏÔÁ›˙ÂÙ·È Ë  jA, p.

Σ�. 13.2

jA, p = – Pl2

18EI
13.5

– ºÔÚÙ›˙ÂÙ·È ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÌÂ ÙÔ ÊÔÚ-
Ù›Ô  X  Î·È ˘ÔÏÔÁ›˙ÂÙ·È Ë  ÊA, X

jA, X = Xl
3EI

13.6

– EÂÈ‰‹ Ë ÛÙÚÔÊ‹ ÙË˜ ÂÊ·ÙÔÌ¤ÓË˜ ÛÙËÓ
¿ÎÙˆÛË  A  Â›Ó·È ÌË‰ÂÓÈÎ‹, Ë ÂÍ›ÛˆÛË
Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ ÂÎÊÚ¿˙Â-
Ù·È ·fi ÙË Û¯¤ÛË

jA = jA, p+jA, X = 0 13.7

·fi ÙËÓ ÔÔ›·, ·Ó ·ÓÙÈÎ·Ù·ÛÙ·ıÔ‡Ó ÔÈ
jA, p   Î·È  jA, X  ·fi ÙÈ˜ ÂÍÈÛÒÛÂÈ˜  13.5,

13.6  ·ÓÙ›ÛÙÔÈ¯·, ÚÔÎ‡ÙÂÈ

X = MA = Pl
6

13.8

AÓ Ù¤ÏÔ˜ ÛÙËÓ ›‰È· ‰ÔÎfi ÂÈÏÂÁÂ› Û·Ó
˘ÂÚ¿ÚÈıÌÔ Ì¤ÁÂıÔ˜ Ë ÚÔ‹  Mi=X  ÙfiÙÂ ÚÔÎ‡ÙÂÈ ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÙÔ˘ Û¯.
13.3.

– §fiÁˆ ÙÔ˘ ÊÔÚÙ›Ô˘  P  Ë ·ÌÔÈ‚·›· ÛÙÚÔÊ‹ ÙˆÓ ‰È·ÙÔÌÒÓ ÙË˜ ¿ÚıÚˆÛË˜  i  ˘Ô-
ÏÔÁ›˙ÂÙ·È ›ÛË ÌÂ

Σ�. 13.3

j i, p = Pl2

9EI
13.9

– §fiÁˆ ÙˆÓ ˘ÂÚ¿ÚÈıÌˆÓ ÚÔÒÓ  X  Â›Ó·È
Â›ÛË˜

j i, X  = 4Xl
3EI

13.10

– EÂÈ‰‹ ÛÙÔÓ ·Ú¯ÈÎfi ÊÔÚ¤· Ë ·ÌÔÈ‚·›·
ÛÙÚÔÊ‹ ÙˆÓ ‰È·ÙÔÌÒÓ ÛÙÔ  i  ÈÛÔ‡Ù·È ÌÂ
ÌË‰¤Ó, Ë ÂÍ›ÛˆÛË Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈ-
Ó‹ÛÂˆÓ ÂÎÊÚ¿˙ÂÙ·È ·fi ÙË Û¯¤ÛË

j i, p+j i, X = 0 13.11

ÛÙËÓ ÔÔ›· ·Ó ·ÓÙÈÎ·Ù·ÛÙ·ıÔ‡Ó ÔÈ  ji, p,
Êi, X   ·fi ÙÈ˜ ÂÍÈÛÒÛÂÈ˜  13.9, 13.10  ÚÔ-
Î‡ÙÂÈ

Pl2

9EI
 + 4Xl

3EI
 = 0      fi     X = – Pl

12
13.12

H ÂÈÏÔÁ‹ ÙË˜ ÊÔÚ¿˜ ÌÈ·˜ ˘ÂÚ¿ÚÈıÌË˜
Â›Ó·È Î·Ù’ ·Ú¯¿˜ ·˘ı·›ÚÂÙË. AÓ Ë ÙÈÌ‹ ÙË˜ ·fi ÙËÓ Â›Ï˘ÛË ÙË˜ Û˘Óı‹ÎË˜ Û˘Ì‚È-
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‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ ÚÔÎ‡„ÂÈ ·ÚÓËÙÈÎ‹ ÙfiÙÂ Ë ÛˆÛÙ‹ ÊÔÚ¿ Â›Ó·È ·ÓÙ›ıÂÙË
·’ ·˘Ù‹ Ô˘ ÂÈÏ¤¯ıËÎÂ.
™ÙËÓ ÂÚ›ÙˆÛË Ô˘ Ë ˘ÂÚ¿ÚÈıÌË Â›Ó·È ÊÔÚÙ›Ô ‰È·ÙÔÌ‹˜, Â›Ó·È ÚÔÙÈÌfiÙÂÚÔ Û·Ó
·Ú¯ÈÎ‹ ÊÔÚ¿ Ó· ÂÈÏ¤ÁÂÙ·È Ë ıÂÙÈÎ‹ ÊÔÚ¿ ÙÔ˘ ÊÔÚÙ›Ô˘ ‰È·ÙÔÌ‹˜ ÁÈ· Ó· Û˘Ì›ÙÂÈ
ÙÔ ÚfiÛËÌÔ Ô˘ ÚÔÎ‡ÙÂÈ ·fi ÙËÓ Â›Ï˘ÛË ÙË˜ Û˘Óı‹ÎË˜ Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂ-
Ù·ÎÈÓ‹ÛÂˆÓ ÌÂ ÙÔ Ú·ÁÌ·ÙÈÎfi ÚfiÛËÌÔ.

Παρ�δειγμα 13.2  H ‰ÔÎfi˜ ÙÔ˘ Û¯. 13.4  Â›Ó·È ÙÚÂÈ˜ ÊÔÚ¤˜ ˘ÂÚÛÙ·ÙÈÎ‹. ™·Ó
˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË ÂÈÏ¤¯ıËÎ·Ó ÔÈ ·ÓÙÈ‰Ú¿ÛÂÈ˜  Cy=X1, By=X2  Î·È  MA=X3  ÔfiÙÂ
ÚÔ¤Î˘„Â ÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÙÔ˘ Û¯. 13.4.

Σ�. 13.4
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ºÔÚÙ›˙ÂÙ·È Î·Ù’ ·Ú¯¿˜ ÙÔ K.™. ÌÂ ÙËÓ ˘ÂÚ¿ÚÈıÌË  X1  ÌfiÓÔ (Û¯. 13.4.·) Î·È
˘ÔÏÔÁ›˙ÔÓÙ·È ÔÈ ÌÂÙ·ÎÈÓ‹ÛÂÈ˜ ÛÙÈ˜ ı¤ÛÂÈ˜ fiÏˆÓ ÙˆÓ ˘ÂÚ·Ú›ıÌˆÓ. H Î¿ıÂ ÌÈ·
ÌÂÙ·Î›ÓËÛË Ú¤ÂÈ Ó· ·ÓÙ·ÔÎÚ›ÓÂÙ·È ÂÚÁÈÎ¿ ÛÙÔ ·ÓÙ›ÛÙÔÈ¯Ô ˘ÂÚ¿ÚÈıÌÔ ÊÔÚÙ›Ô.
¶.¯. Ë ÌÂÙ·Î›ÓËÛË  ‰1, 1  ÛÙÔ  C  Â›Ó·È Î·Ù¿ ÙË ‰ÈÂ‡ı˘ÓÛË ÙË˜  X1, Ë ÌÂÙ·Î›ÓËÛË  ‰2,1

ÛÙÔ  B  Â›Ó·È Î·Ù¿ ÙË ‰ÈÂ‡ı˘ÓÛË ÙË˜  X2  ÂÓÒ Ë ÌÂÙ·Î›ÓËÛË  ‰3, 1  Â›Ó·È Ë ÁˆÓ›·
ÛÙÚÔÊ‹˜ ÙË˜  X3.
ºÔÚÙ›˙ÂÙ·È ÛÙË Û˘Ó¤¯ÂÈ· ÙÔ K.™. ‰È·‰Ô¯ÈÎ¿ ÌÂ ÙÔ Î·ı¤Ó· ·fi Ù· ˘fiÏÔÈ· ˘ÂÚ-
¿ÚÈıÌ· ÊÔÚÙ›·  X2, X3  Î·ıÒ˜ Î·È ÌÂ ÙËÓ ÂÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË Ë ÔÔ›· Û˘Ì‚ÔÏ›˙ÂÙ·È
ÌÂ ÙÔ ÁÚ¿ÌÌ·  p  Î·È ˘ÔÏÔÁ›˙ÔÓÙ·È ÔÈ ÌÂÙ·ÎÈÓ‹ÛÂÈ˜  (‰1, 2 ‰2, 2 ‰3, 2), (‰1, 3 ‰2, 3 ‰3, 3)
(‰1, p, ‰2, p ‰3, p)  ·ÓÙ›ÛÙÔÈ¯· (Û¯. 13.4. b, c, d).

™‡ÌÊˆÓ· ÌÂ ÙËÓ ·Ú¯‹ ÙË˜ Â·ÏÏËÏ›·˜ ·Ó ÂÈ‰ÚÔ‡Ó fiÏ· Ù· ÊÔÚÙ›· Û˘Á¯ÚfiÓˆ˜
ÛÙÔ Î‡ÚÈÔ Û‡ÛÙËÌ· Ë Û˘ÓÔÏÈÎ‹ ÌÂÙ·Î›ÓËÛË ÛÙË ı¤ÛË  C  Â›Ó·È

‰C = ‰1, 1+‰1, 2+‰1, 3+‰1, p = 0 13.13·

ÁÈ·Ù› ÛÙË ı¤ÛË ·˘Ù‹ Ë ÛÙ‹ÚÈÍË ··ÁÔÚÂ‡ÂÈ ÙËÓ Î¿ıÂÙË ÌÂÙ·Î›ÓËÛË.
°È· ÙÔÓ ›‰ÈÔ ÏfiÁÔ Â›Ó·È Î·È

‰B = ‰2, 1+‰2, 2+‰2, 3+‰2, p = 0 13.13.b

‰A = ‰3, 1+‰3, 2+‰3, 3+‰3, p = 0 13.13.c

OÈ ÂÍÈÛÒÛÂÈ˜ 13.13 a, b, c  Â›Ó·È ÔÈ ÂÍÈÛÒÛÂÈ˜ Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ.
OÈ ÌÂÙ·ÎÈÓ‹ÛÂÈ˜  ‰i, j  Î·È  ‰i, p  ˘ÔÏÔÁ›˙ÔÓÙ·È Û‡ÌÊˆÓ· ÌÂ ÙÈ˜ ÌÂıfi‰Ô˘˜ Ô˘

·Ó·Ù‡¯ıËÎ·Ó ÛÙ· ÎÂÊ. 10  Î·È  11 ÁÈ· ÙÈ˜ ÌÂÙ·ÎÈÓ‹ÛÂÈ˜ ÙˆÓ ÈÛÔÛÙ·ÙÈÎÒÓ ÊÔÚ¤ˆÓ
Î·È Ë Î¿ıÂ ÌÈ· ·fi ·˘Ù¤˜ ÚÔÎ‡ÙÂÈ fiÙÈ Â›Ó·È Û˘Ó¿ÚÙËÛË ÙË˜ ÊfiÚÙÈÛË˜ Î·È ÙˆÓ
ÁÂˆÌÂÙÚÈÎÒÓ Î·È ÂÏ·ÛÙÈÎÒÓ ¯·Ú·ÎÙËÚÈÛÙÈÎÒÓ ÙÔ˘ ÊÔÚ¤·. H ·ÓÙÈÎ·Ù¿ÛÙ·ÛË ÙˆÓ
‰i, j  Î·È  ‰i, p  ÛÙÈ˜ ÂÍÈÛÒÛÂÈ˜ 13.13 ‰›ÓÂÈ ¤Ó· Û‡ÛÙËÌ· ÂÍÈÛÒÛÂˆÓ  3¥3  ÌÂ ¿ÁÓˆ-
ÛÙÂ˜ ÙÈ˜ ˘ÂÚ¿ÚÈıÌÂ˜  X1, X2, X3  ·fi ÙËÓ Â›Ï˘ÛË ÙÔ˘ ÔÔ›Ô˘ ·˘Ù¤˜ ˘ÔÏÔÁ›˙Ô-
ÓÙ·È.

13.3  ΔEIKTEΣ EYKAMΨIAΣ

TÔ Ì¤ÁÂıÔ˜ ÙË˜ ÌÂÙ·Î›ÓËÛË˜  ‰i, j  ÏfiÁˆ ÙË˜ ÊfiÚÙÈÛË˜ ÙÔ˘ Î˘Ú›Ô˘ Û˘ÛÙ‹Ì·ÙÔ˜
·fi ÙËÓ ˘ÂÚ¿ÚÈıÌË  Xj  ÂÍ·ÚÙ¿Ù·È ·fi ÙËÓ Â˘Î·Ì„›· ÙÔ˘ ÊÔÚ¤·. ŸÛÔ ÈÔ Â‡Î·Ì-
ÙÔ˜ Â›Ó·È Ô ÊÔÚ¤·˜ ÙfiÛÔ ÌÂÁ·Ï‡ÙÂÚË Â›Ó·È Ë ÙÈÌ‹ ÙË˜  ‰i, j  ÁÈ· ÙÔ Û˘ÁÎÂÎÚÈÌ¤ÓÔ
ÊÔÚÙ›Ô   Xj. TÔ ·ÔÙ¤ÏÂÛÌ· ·˘Ùfi ÚÔÛ‰ÈÔÚ›˙ÂÙ·È ÈÔ Â‡ÎÔÏ· fiÙ·Ó ·Ó·ÊÂÚfiÌ·ÛÙÂ
ÛÙËÓ Â›‰Ú·ÛË ÂÓfi˜ ÌÔÓ·‰È·›Ô˘ ÊÔÚÙ›Ô˘ ·ÓÙ›ÛÙÔÈ¯Ô ÙÔ˘  Xj.
OÚ›˙ÂÙ·È ÁÈ· ÙÔ ÏfiÁÔ ·˘Ùfi fiÙÈ

‰i, j = fij Xj 13.14

ÔfiÙÂ Ë  fij   Â›Ó·È Ë ÌÂÙ·Î›ÓËÛË Ô˘ ÔÊÂ›ÏÂÙ·È Û’ ¤Ó· ÌÔÓ·‰È·›Ô ÊÔÚÙ›Ô Ô˘ ÂÓÂÚ-
ÁÂ› Î·Ù¿ ÙËÓ ›‰È· ‰ÈÂ‡ı˘ÓÛË Î·È ÊÔÚ¿ ÌÂ ÙÔ  Xj   Î·È Î·ÏÂ›Ù·È ‰Â›ÎÙË˜ Â˘Î·Ì„›·˜.

™·Ó ‰Â›ÎÙË˜ Â˘Î·Ì„›·˜  fij   ÂÓfi˜ ÊÔÚ¤· ÔÚ›˙ÂÙ·È Û˘ÓÂÒ˜ Ë ÌÂÙ·Î›ÓËÛË ÙÔ˘
ÛËÌÂ›Ô˘  i  Ô˘ ÔÊÂ›ÏÂÙ·È Û’ ¤Ó· ÌÔÓ·‰È·›Ô ÊÔÚÙ›Ô ÛÙÔ ÛËÌÂ›Ô  j.
OÈ ‰Â›ÎÙÂ˜ Â˘Î·Ì„›·˜ Â›Ó·È Û˘Ó¿ÚÙËÛË ÙˆÓ ÁÂˆÌÂÙÚÈÎÒÓ Î·È ÂÏ·ÛÙÈÎÒÓ ¯·Ú·ÎÙË-
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ÚÈÛÙÈÎÒÓ ÙÔ˘ ÊÔÚ¤· Î·È ·ÓÂÍ¿ÚÙËÙÔÈ ·fi ÙËÓ ÂÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË ‹ ÙÔÓ Î·Ù·Ó·-
ÁÎ·ÛÌfi.

MÂ ÙËÓ ÂÈÛ·ÁˆÁ‹ ÙˆÓ ‰ÂÈÎÙÒÓ Â˘Î·Ì„›·˜ Ë ÂÍ›ÛˆÛË  13.3 Á›ÓÂÙ·È

f11X1+f1p = 0

fiÔ˘ Ë  f11  ÚÔÎ‡ÙÂÈ ·fi ÙËÓ ÂÍ›ÛˆÛË  13.2 ÁÈ·  X=1  (f11=–l3/2EI)  Î·È ‰1, p = f1p.
E›ÛË˜ ÔÈ ÂÍÈÛÒÛÂÈ˜ Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ ÙÔ˘ ÊÔÚ¤· ÙÔ˘ Û¯. 13.4 Á›-
ÓÔÓÙ·È

f11 X1+f12 X2+f13 X3+f1p = 0
f21 X1+f22 X2+f23 X3+f2p = 0
f31 X1+f32 X2+f33 X3+f3p = 0

13.15

‹ ÛÂ ÌËÙÚˆ˚Î‹ ÌÔÚÊ‹

 Ô
Ô
Ô
Ô

 Ô
Ô
Ô
Ô

 

f11  f12  f13

f21 f22 f23

f31 f32 f33

   Ø  

 Ô
Ô
Ô
Ô

 Ô
Ô
Ô
Ô

 

X1

X2

X3

 + 
 Ô
Ô
Ô
Ô

 Ô
Ô
Ô
Ô

 

f1p

f2p

f3p

   = 0 13.16

FX+F0 = 0
fiÔ˘ F:  ÌËÙÚÒÔ Â˘Î·Ì„›·˜

X:  ÌËÙÚÒÔ ˘ÂÚ·Ú›ıÌˆÓ ÊÔÚÙ›ˆÓ
F0:  ÌËÙÚÒÔ ÊÔÚÙÈÛÙÈÎÒÓ fiÚˆÓ

°È· ÙÔ ÌËÙÚÒÔ Â˘Î·Ì„›·˜ ·Ú·ÙËÚÔ‡ÌÂ Ù· ÂÍ‹˜:

– EÂÈ‰‹ ÔÈ Û˘ÓÙÂÏÂÛÙ¤˜ Â˘Î·Ì„›·˜ ÏËÚÔ‡Ó ÙËÓ ÂÍ›ÛˆÛË  Maxwell-Mohr

fij = fji 13.17

ÙÔ ÌËÙÚÒÔ Â˘Î·Ì„›·˜ Â›Ó·È Û˘ÌÌÂÙÚÈÎfi.

– T· ÚfiÛËÌ· ÙË˜ Î˘Ú›·˜ ‰È·ÁˆÓ›Ô˘ Â›Ó·È ¿ÓÙ· ıÂÙÈÎ¿ ÁÈ·Ù› ÔÈ ÌÂÙ·ÎÈÓ‹ÛÂÈ˜  fii
Ú·ÁÌ·ÙÔÔÈÔ‡ÓÙ·È ¿ÓÙÔÙÂ Î·Ù¿ ÙË ÊÔÚ¿ ÙˆÓ  Xi.

– TÔ ÚfiÛËÌÔ ÙË˜  fij  ÚÔÎ‡ÙÂÈ ıÂÙÈÎfi fiÙ·Ó Ë ÊÔÚ¿ ÙË˜ Â›Ó·È ›‰È· ÌÂ ÙË ÊÔÚ¿
ÙË˜  fii.

– ™ÙËÓ ÂÚ›ÙˆÛË Ô˘ ÙÔ K.™ ÂÂÏÂÁÂ› ÛˆÛÙ¿, ‰ËÏ·‰‹ ‰ÂÓ ÂÌÊ·Ó›˙ÂÈ ÎÈÓËÙfi-
ÙËÙ·, ÙÔ ÌËÙÚÒÔ  F  Â›Ó·È ıÂÙÈÎ¿ ÔÚÈÛÌ¤ÓÔ Î·È ÈÛ¯‡Ô˘Ó ÔÈ Û¯¤ÛÂÈ˜

det F > 0

fiiØfjj ≥ f2ij
13.18

™ÙËÓ ·ÓÙ›ıÂÙË ÂÚ›ÙˆÛË Ô˘ ÙÔ K.™  ÂÌÊ·Ó›˙ÂÈ ÎÈÓËÙfiÙËÙ· Â›Ó·È

det F = 0 13.19

ÔfiÙÂ Ë Â›Ï˘ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ·‰‡Ó·ÙË.
OÈ ·Ú·¿Óˆ ·Ú·ÙËÚ‹ÛÂÈ˜ ÌÔÚÔ‡Ó Ó· ¯ÚËÛÈÌÔÔÈËıÔ‡Ó ÁÈ· ÙÔÓ ¤ÏÂÁ¯Ô ÙË˜
ÔÚıfiÙËÙ·˜ ÙˆÓ ·ÔÙÂÏÂÛÌ¿ÙˆÓ.

H Ì¤ıÔ‰Ô˜ ÙˆÓ ‰˘Ó¿ÌÂˆÓ ÌÔÚÂ› Â‡ÎÔÏ· Ó· ÂÊ·ÚÌÔÛıÂ› Û’ fiÏ· Ù· Â›‰Ë ÙˆÓ
ÊÔÚ¤ˆÓ (‰ÔÎÔ‡˜, ‰ÈÎÙ˘ÒÌ·Ù·, Ï·›ÛÈ· Î.Ï.). E›ÛË˜ ÂÎÙfi˜ ·fi ÊÔÚÂ›˜ Ô˘ Ë ÂÓ-
Ù·ÙÈÎ‹ ÙÔ˘˜ Î·Ù¿ÛÙ·ÛË ÔÊÂ›ÏÂÙ·È ÛÂ ÂÍˆÙÂÚÈÎ¿ ÊÔÚÙ›· ÂÊ·ÚÌfi˙ÂÙ·È ÌÂ Â˘ÎÔÏ›·
Î·È ÛÂ ÊÔÚÂ›˜ Ô˘ Ë ÂÓÙ·ÙÈÎ‹ ÙÔ˘˜ Î·Ù¿ÛÙ·ÛË ÔÊÂ›ÏÂÙ·È ÛÂ Î·Ù·Ó·ÁÎ·ÛÌÔ‡˜.
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O ÌfiÓÔ˜ ÂÚÈÔÚÈÛÌfi˜ Ô˘ Ù›ıÂÙ·È Â›Ó·È fiÙÈ Ú¤ÂÈ Ó· ÈÛ¯‡ÂÈ Ë ·Ú¯‹ ÙË˜ Â·ÏÏË-
Ï›·˜. ¶ÚÔ¸Ôı¤ÛÂÈ˜ ‰Â ÁÈ· Ó· Û˘Ì‚·›ÓÂÈ ·˘Ùfi Â›Ó·È Ó· ÌËÓ ÌÂÙ·‚¿ÏÏÂÙ·È ·ÈÛıËÙ¿
Ë ÁÂˆÌÂÙÚ›· ÙÔ˘ ÊÔÚ¤·, Î·È Ó· ÈÛ¯‡ÂÈ Ô ÓfiÌÔ˜ ÙÔ˘ Hooke ÁÈ· ÙÔ ˘ÏÈÎfi ÙÔ˘ ÊÔÚ¤·.

T· ÌÂÁ¤ıË ¤ÓÙ·ÛË˜ Î·È ÌÂÙ·Î›ÓËÛË˜ ÙÔ˘ ˘ÂÚÛÙ·ÙÈÎÔ‡ ÊÔÚ¤· ÂÎÊÚ¿˙ÔÓÙ·È
Û‡ÌÊˆÓ· ÌÂ ÙËÓ ·Ú¯‹ ÙË˜ Â·ÏÏËÏ›·˜ Û˘Ó·ÚÙ‹ÛÂÈ ÙˆÓ ÌÂÁÂıÒÓ ¤ÓÙ·ÛË˜ Î·È ÌÂ-
Ù·Î›ÓËÛË˜ ÙÔ˘ Î˘Ú›Ô˘ Û˘ÛÙ‹Ì·ÙÔ˜ ·fi ÙÈ˜ ÂÍÈÛÒÛÂÈ˜.

E�ωτερικ� φ�ρτιση p
.
Ei, p = Ei, p+Ei, 1 X1+Ei, 2 X2+ …+Ei, n Xn

.
‰i, p = ‰i, p+‰i, 1 X1+‰i, 2 X2+ … +‰i, n Xn

13.20

Kαταναγκασμ��  κ

.
Ei, Î = 0+Ei, 1 X1+Ei, 2 X2+ …+Ei, n Xn

.
‰i, Î = ‰i, Î+‰i, 1 X1+‰i, 2 X2+ …+‰i, n Xn

13.21

fiÔ˘  
.
Ei, p, 

.
Ei, Î : ÌÂÁ¤ıË ¤ÓÙ·ÛË˜ ÙÔ˘ ˘ÂÚÛÙ·ÙÈÎÔ‡ ÊÔÚ¤· ÏfiÁˆ ÂÍˆÙÂÚÈÎ‹˜

ÊfiÚÙÈÛË˜ Î·È Î·Ù·Ó·ÁÎ·ÛÌÔ‡ ·ÓÙ›ÛÙÔÈ¯·.
.
‰i, p, 

.
‰i, K :  ÌÂÁ¤ıË ÌÂÙ·Î›ÓËÛË˜ ÙÔ˘ ˘ÂÚÛÙ·ÙÈÎÔ‡ ÊÔÚ¤· ÏfiÁˆ ÂÍˆÙÂÚÈÎ‹˜ ÊfiÚÙÈ-

ÛË˜ Î·È Î·Ù·Ó·ÁÎ·ÛÌÔ‡ ·ÓÙ›ÛÙÔÈ¯·.
™˘ÓÔ„›˙ÔÓÙ·˜ ÌÔÚÔ‡ÌÂ Ó· ‰È·ÎÚ›ÓÔ˘ÌÂ Ù· ·Ú·Î¿Ùˆ ÛÙ¿‰È· Â›Ï˘ÛË˜ ÙˆÓ

˘ÂÚÛÙ·ÙÈÎÒÓ ÊÔÚ¤ˆÓ ÌÂ ÙË Ì¤ıÔ‰Ô ‰˘Ó¿ÌÂˆÓ.

1. ¶ÚÔÛ‰ÈÔÚ›˙ÂÙ·È Ô ‚·ıÌfi˜ ÛÙ·ÙÈÎ‹˜ ·ÔÚÈÛÙ›·˜ n ÙÔ˘ ÊÔÚ¤· Î·È ÂÈÏ¤ÁÔÓÙ·È Ù·
˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË  X1, X2 … Xn  Î·È ÂÔÌ¤Óˆ˜ Î·È ÙÔ Î‡ÚÈÔ ÈÛÔÛÙ·ÙÈÎfi Û‡Û-
ÙËÌ·.

2. YÔÏÔÁ›˙ÔÓÙ·È ÔÈ ‰Â›ÎÙÂ˜ Â˘Î·Ì„›·˜  fij  Î·È ÔÈ ÊÔÚÙÈÛÙÈÎÔ› fiÚÔÈ  fip  ‹  fiÎ. AÓ
ÁÈ· ÙÔÓ ˘ÔÏÔÁÈÛÌfi ÙÔ˘˜ ¯ÚËÛÈÌÔÔÈËıÂ› Ë Ì¤ıÔ‰Ô˜ ÙÔ˘ ÌÔÓ·‰È·›Ô˘ ÊÔÚÙ›Ô˘
ÙfiÙÂ Ú¤ÂÈ Ó· ‚ÚÂıÔ‡Ó Ù· ‰È·ÁÚ¿ÌÌ·Ù·  M, 1, M, 2, …, M, n   Ï fi Á ˆ
X1=1 X2=1 … Xn=1  ·ÓÙ›ÛÙÔÈ¯· Î·È Ù· ‰È·ÁÚ¿ÌÌ·Ù·  M, p  ‹  M, Î  ÏfiÁˆ ÙË˜
ÂÍˆÙÂÚÈÎ‹˜ ÊfiÚÙÈÛË˜ ‹ ÙÔ˘ Î·Ù·Ó·ÁÎ·ÛÌÔ‡.

3. ¢È·Ù˘ÒÓÂÙ·È ÙÔ Û‡ÛÙËÌ· ÙˆÓ ÂÍÈÛÒÛÂˆÓ Û˘Ì‚È‚·ÛÙÔ‡ ÙˆÓ ÌÂÙ·ÎÈÓ‹ÛÂˆÓ,
ÂÈÏ‡ÂÙ·È Î·È ˘ÔÏÔÁ›˙ÔÓÙ·È Ù· ˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË.

4. TÔ Î‡ÚÈÔ Û‡ÛÙËÌ· ÊÔÚÙÈÛÌ¤ÓÔ ÌÂ ÙËÓ ÂÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË ‹ ÙÔÓ Î·Ù·Ó·ÁÎ·ÛÌfi
Î·ıÒ˜ Â›ÛË˜ Î·È Ù· ˘ÂÚ¿ÚÈıÌ· ÊÔÚÙ›· Ù· ÔÔ›· ‰Â¯fiÌ·ÛÙÂ Û·Ó ÂÈ‚Â‚ÏË-
Ì¤Ó· ÊÔÚÙ›·, Â›Ó·È ¤Ó·˜ ÊÔÚ¤·˜ ÈÛÔ‰‡Ó·ÌÔ˜ ÌÂ ÙÔÓ ·Ú¯ÈÎfi, ÁÈ·Ù› ÏËÚÂ› ÙÈ˜
Û˘Óı‹ÎÂ˜ ÈÛÔÚÚÔ›·˜ Î·È ÛÙÈ˜ ı¤ÛÂÈ˜ ÙˆÓ ˘ÂÚ·Ú›ıÌˆÓ ·ÚfiÏÔ Ô˘ ˘¿Ú¯ÂÈ
‰˘Ó·ÙfiÙËÙ· ÌÂÙ·Î›ÓËÛË˜, ·˘Ù‹ Â›Ó·È ÌË‰ÂÓÈÎ‹. H Â›Ï˘ÛË Û˘ÓÂÒ˜ ÙÔ˘ ÈÛÔ-
‰‡Ó·ÌÔ˘ ÊÔÚ¤· (I.º.) Ô˘ Â›Ó·È ÈÛÔÛÙ·ÙÈÎfi˜, ‰›ÓÂÈ Ù· ÌÂÁ¤ıË ¤ÓÙ·ÛË˜ ÙÔ˘
˘ÂÚÛÙ·ÙÈÎÔ‡ ÊÔÚ¤·.

™Â ÂÚÈÙÒÛÂÈ˜ Ô˘ Ù· ˘ÂÚ¿ÚÈıÌ· ÊÔÚÙ›· Â›Ó·È ÚÔ¤˜ Î¿Ì„Ë˜, ÁÈ· ÙÔÓ ˘Ô-
ÏÔÁÈÛÌfi ÚÔÒÓ ÛÂ ¯·Ú·ÎÙËÚÈÛÙÈÎ¿ ÛËÌÂ›· ÚÔÙÈÌÔ‡ÓÙ·È ÔÈ Ù‡ÔÈ ÙË˜ Â·ÏÏËÏ›·˜.
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.
Mi, · = Mi, ·+(Mi, 1 X1+Mi, 2 X2+…+Mi, n Xn) 13.22

fiÔ˘ Mi, · :  Ë ÚÔ‹ ÙÔ˘ ÛËÌÂ›Ô˘  i  ÛÙÔ K.™ ÏfiÁˆ ÙÔ˘ ·ÈÙ›Ô˘  ·.
Mi, 1, Mi, 2 … Mi, n : ÔÈ ÚÔ¤˜ ÛÙÔ ÛËÌÂ›Ô  i  ÏfiÁˆ ÙˆÓ ˘ÂÚ·Ú›ıÌˆÓ  X1, X2, …,
Xn ·ÓÙ›ÛÙÔÈ¯· ÔÈ ÔÔ›Â˜ Â›Ó·È ÁÓˆÛÙ¤˜ ·fi Ù· ‰È·ÁÚ¿ÌÌ·Ù· M, 1 M, 2 … M, n.

Παρ�δειγμα 13.3 °È· ÙË Û˘ÓÂ¯‹ ‰ÔÎfi ÙÔ˘ Û¯. 13.5  Ó· ‚ÚÂıÔ‡Ó:  ·) T· ‰È·ÁÚ¿Ì-

Ì·Ù·  
.
Q, p, 

.
M, p .  ‚) ¶fiÛÔ Ú¤ÂÈ Ó· ·Ô¯ˆÚ‹ÛÔ˘Ó ÔÈ ÛÙËÚ›ÍÂÈ˜  B  Î·È  C  ÒÛÙÂ ÔÈ

ÚÔ¤˜ Î¿Ì„Ë˜ ÏfiÁˆ ÙË˜ ÂÍˆÙÂÚÈÎ‹˜ ÊfiÚÙÈÛË˜ ÛÙ· ÛËÌÂ›· ·˘Ù¿ Ó· ÌË‰ÂÓÈÛıÔ‡Ó
(EI=104 kNØm2).

α) §·Ì‚¿ÓÔÓÙ·È Û·Ó ˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË ÔÈ ÚÔ¤˜  
.
MB=X1  Î·È  

.
MC=X2  ÔfiÙÂ

ÚÔÎ‡ÙÂÈ ÙÔ K.™ ÙÔ˘ Û¯. 13.5.

Δε�κτες ευκαμψ�ας

Afi Ù· ‰È·ÁÚ¿ÌÌ·Ù·  M, 1, M, 2  Î·È ÙÔ˘˜ Ù‡Ô˘˜ ÙÔ˘ ›Ó. 10.3  ÚÔÎ‡ÙÂÈ

f11 = Ú M, 1 M, 1
EI

 dx = 1
EI

 Ø 1
3

 Ø1Ø1Ø10 = 1
EI

 Ø 3,333

f22 = Ú M, 2 M, 2
EI

 dx = 1
EI

 · 1
3

 Ø1Ø1Ø11 = 1
EI

 Ø 3,667

f12 = Ú M, 1 M, 2
EI

 dx = 1
EI

 Ø 1
6

 Ø1Ø1Ø6 = 1
EI

 Ø 1 .

Φ�ρτιστικ�� �ρ�ι

Afi Ù· ‰È·ÁÚ¿ÌÌ·Ù·  M, p, M, 1, M, 2   Î·È ÙÔ˘˜ Ù‡Ô˘˜ ÙÔ˘ ›Ó. 10.3  ÚÔÎ‡ÙÂÈ

f1p =  Ú M, 1 M, p
EI

 dx = 1
EI

 
 Ë
Ê

 ̄
ˆ 

1
3

 1Ø40Ø4+ 1
3

 Ø1Ø135Ø6  = 1
EI

 323,333

f2p =  Ú M, 2 M, p
EI

 dx = 1
EI

 
 Ë
Ê

 ̄
ˆ 

1
3

 1Ø135Ø6+ 1
3

 1Ø62,5Ø5  = 1
EI

 374,167 .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων

f11 X1+f12 X2+f1p = 0
f21 X1+f22 X2+f2p = 0       fi      

3,333X1+X2+323,333 = 0
X1+3,667X2+374,167 = 0

  .

Afi ÙËÓ Â›Ï˘ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÙˆÓ ‰‡Ô ÂÍÈÛÒÛÂˆÓ ÚÔÎ‡ÙÂÈ

X1 = 
 Ô
Ô

 Ô
Ô

 

–323,333    1
–374,167 3,667 

 Ô
Ô

 Ô
Ô

 

3,333    1
1 3,667 

 = – 811,495
11,222

 = –72,313

X2 = 
 Ô
Ô

 Ô
Ô

 

3,333   –323,333
1 –374,167

12,222   = – 923,766
11,222

 = –82,317  .
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Διαγρ�μματα  
.
Q, p, 

.
M, p.

Afi ÙÔÓ ÈÛÔ‰‡Ó·ÌÔ ÊÔÚ¤· ÙÔ˘ Û¯. 13.5  ÚÔÎ‡ÙÂÈ

¢QAB = –72,313
4

 = –18,08
.
QA = 40–18,08 = 21,92

.
Q·

B = –40–18,08 = –58,08

¢QBC = –82,317+72,313
6

 = –1,67
.
Q‰

B = 90–1,67 = 88,33
.
Q·

C = –90–11,67 = –91,67

¢QCD = 82,317
5

 = 16,46
.
Q‰

K= 50+16,46 = 66,46
.
QD = –50+16,46 = –33,54

maxMAB = 21,922

2Ø20
 = 12,01 xm = 21,92

20
 = 1,1

maxMBC = –72,313+ 88,332

2Ø30
 = 57,72 xm = 88,33

30
 = 2,94

maxMCD = –82,317+ 66,462

2Ø20
 = 28,11 xm = 66,46

20
 = 3,32 .

β) ŒÛÙˆ  ˘B, ˘C  ÔÈ ˙ËÙÔ‡ÌÂÓÂ˜ ˘Ô¯ˆÚ‹ÛÂÈ˜ ÙˆÓ  B  Î·È C. £· Ï˘ıÂ› Ô ÊÔÚ¤·˜
ÁÈ· ÙÔ˘˜ Î·Ù·Ó·ÁÎ·ÛÌÔ‡˜ ·˘ÙÔ‡˜.

Φ�ρτιστικ�� �ρ�ι

Afi ÙÔ˘˜ Ù‡Ô˘˜ ÙÔ˘ ÈÓ. 10.3  Î·È ÙÈ˜ ·ÓÙÈ‰Ú¿ÛÂÈ˜ ÛÙÔ  B  Î·È  C  ÏfiÁˆ  X1=1
Î·È  X2=1  ÚÔÎ‡ÙÂÈ.

f1w = –0417˘B+0,167˘C       f2w = 0,167˘B–0,367˘C .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων.

3,333X1+X2+EI(–0,4167˘B+0,1667˘C) = 0  
X1+3,667X2+EI(0,1667˘B–0,3667˘C) = 0

 fi   
X1 = 1510,2˘B–871,5˘C

X2 = –866,4˘B+1237,7˘C
 .

EÂÈ‰‹ ÏfiÁˆ ÙË˜ ˘Ô¯ÒÚËÛË˜ Ú¤ÂÈ Ó· Â›Ó·È  X1 = +72,313  X2 = +82,317  ÔÈ
‚˘ı›ÛÂÈ˜  ˘B, ˘C  ˘ÔÏÔÁ›˙ÔÓÙ·È ·fi ÙËÓ Â›Ï˘ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÙˆÓ ÂÍÈÛÒÛÂˆÓ

1510,2˘B –871,5˘C = 72,313
–866,4˘B+1237,7˘C = 82,317    fi     

˘B = 0,145Ø10–3 m

˘C = 0,168Ø10–3 m
  .

Παρ�δειγμα 13.4  ™ÙÔ Ï·›ÛÈÔ ÙÔ˘ Û¯. 13.6 Ó· ˘ÔÏÔÁÈÛıÔ‡Ó:

·) T· ‰È·ÁÚ¿ÌÌ·Ù·  
.
M, 

.
Q, 

.
N  ÁÈ· ÙËÓ ÂÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË.

‚) TÔ ‰È¿ÁÚ·ÌÌ·  
.
M  ÍÂ¯ˆÚÈÛÙ¿ ÁÈ· ÙÔ Î·ı¤Ó· ·fi Ù· ·Ú·Î¿Ùˆ ·›ÙÈ·

– ¢t = 40ÆC  ÛÙÔ ˙‡ÁˆÌ·  CDE

– t=30ÆC  ÛÙË Ú¿‚‰Ô  FL.

– ¢j=0,01 rad  ÛÙÔ ÛËÌÂ›Ô  K.

– u=1 cm  ÙË˜ ÛÙ‹ÚÈÍË˜  A.

¢Â‰ÔÌ¤Ó·: EI1 = 22,5Ø103 kNØm2 EI2 = 47,8Ø103 kNØm2

EFr = 210Ø103 kN hCE = 0,45 m ·=1,2Ø10–5 grad–1 .
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Σ�. 13.6. (συν��εια)

α) ™·Ó ˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË ÂÈÏ¤ÁÔÓÙ·È Ë ÔÚÈ˙fiÓÙÈ· ·ÓÙ›‰Ú·ÛË ÛÙÔ  A  (Ax=X1)
Î·È Ë ·ÍÔÓÈÎ‹ ‰‡Ó·ÌË ÙË˜ Ú¿‚‰Ô˘  r (Sr=X2)  ÔfiÙÂ ÚÔÎ‡ÙÂÈ ÙÔ  K.™  ÙÔ˘ Û¯.
13.6.

Δε�κτες ευκαμψ�ας

f11 = 2Ø 1
22,5Ø103 Ø 1

3
 (–7) (–7)Ø7+ 1

47,8Ø103 (–7) (–7)Ø12 = 22,46Ø10–3

f12 = 2Ø 1
22,5Ø103 Ø 1

6
 (–3) [(–4)+2(–7)]Ø3+ 1

47,8Ø103 (–7) (–3)Ø12 = 7,67Ø10–3

f22 =2Ø 1
22,5Ø103 Ø 1

3
 (–3) (–3)Ø3+ 1

47,8Ø103 (–3) (–3)Ø12+ 1Ø1Ø12
210Ø103 = 3,12Ø10–3 .

Φ�ρτιστικ�� �ρ�ι

f1p = 1
47,8Ø103 

 Î
È

 ̊
˘ 

1
2

 592,5Ø(–7)Ø6+ 2
3

 63Ø(–7)Ø6  +

+ 1
47,8Ø103   =
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= –297,21Ø10–3+ 1
47,8Ø103 

 Î
È

 ̊
˘ 1

2
 (–7)Ø655,5Ø6+ 2

3
 (–7)Ø63Ø6+Ø(–7) (–63)Ø6  =

= –566,71Ø10–3

f2p = 1
47,8Ø103 

 Î
È

 ̊
˘ 

1
2

 592,5(–3)Ø6+ 2
3

 63Ø(–3)Ø6  +

+ 1
47,8Ø103  

 Î
È

 ̊
˘ 

1
2

 (–3) 655,5Ø6+ 2
3

 (–3)Ø63Ø6+(–3) (–63)Ø6  = –242,88Ø10–3 .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων

 ̨
˝
¸22,46X1+7,67X2 = 566,71

7,67X1+3,12X2 = 242,88      fi    
X1=–8,43
X2=+98,56

  .

Yπ�λ�γισμ�ς τ�υ   
.
M, p.

™‡ÌÊˆÓ· ÌÂ ÙÔÓ Ù‡Ô ÙË˜ Â·ÏÏËÏ›·˜   
.
Mi, p = Mi, p+X1 Mi, 1+X2 Mi, 2  Â›Ó·È:

.
MC, p = 0+(–8, 43)Ø(–7)+98,56Ø(–3) = –236,67
.
MK, p = 592,5+(–8,43)Ø(–7)+98,56 (–3) = 355,83
.
M·

D, p = –63+(–8,43)Ø(–7)+98,56Ø(–3) = –299,67

.
MÎ

D, p = 0+(–8,43)Ø(–7)+98,56(–3) = –236,67

.
MF, p = (–8,43)Ø(–4) = 33,72 =  

.
ML .

Yπ�λ�γισμ�ς των   
.
Q, p  

.
N, p.

YÔÏÔÁ›˙ÔÓÙ·È ·fi ÙËÓ Â›Ï˘ÛË ÙÔ˘ ÈÛÔ‰‡Ó·ÌÔ˘ ÊÔÚ¤· ÙÔ˘ ÔÔ›Ô˘ ÔÈ ·ÓÙÈ-
‰Ú¿ÛÂÈ˜ Â›Ó·È:

Ay = 98,75–8,43Ø0+98,56Ø0 = 98,75        By = 151,25      Ax = –Bx = 8,43 .

β) °È· ÙÔ Î¿ıÂ ·›ÙÈÔ ˘ÔÏÔÁ›˙ÔÓÙ·È ÔÈ ÊÔÚÙÈÛÙÈÎÔ› fiÚÔÈ Î·È Ï‡ÓÂÙ·È ÙÔ Û‡ÛÙËÌ·
Û˘ÓıËÎÒÓ Û˘Ì‚È‚·ÛÙÔ‡ ·fi ÙÔ ÔÔ›Ô ÚÔÎ‡ÙÔ˘Ó ÔÈ  X1, X2.

– ¢t=40ÆC  ÛÙÔ ˙‡ÁˆÌ·  CDE

f1¢t = ·¢t
h

  Ú M, 1 dx = 1,2Ø10–5Ø40
0,45

 (–7)Ø12 = –89,60Ø10–3

f2¢t = ·Ø¢t
h

  Ú M, 2 dx = 1,2Ø10–5Ø40
0,45

 (–3)Ø12 = –38,40Ø10–3

 ̨
˝
¸

 

22,46X1+7,67X2 = 89,60
7,67X1+3,12X2 = 38,40       fi    

X1 = –1,27
X2 = +14,63

  .

 
.
MC, ¢t = 0+(–1,27) (–7)+14,63Ø(–3) = –35

 
.
MF, ¢t = 0+(–1,27) (–4)+14,63Ø0 = 5,08
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– t=30ÆC  ÛÙË Ú¿‚‰Ô  FL
f1t = S, 1 ·t l = 0

f2t = S, 2 ·t l  = 1Ø1,2Ø10–5Ø30Ø12 = 4,32Ø10–3

 ̨
˝
¸

 

22,4X1+7,67X2 = 0
7,67X1+3,12X2 = –4,32     fi    

X1 =  2,80
X2 = –8,18

.
MC, t = 0+2,80Ø(–7)+(–8,18) (–3) = 4,94
.
MF, t = 0+2,80 (–4)+(–8, 18)Ø0 = –11,20

– ¢j =0,01 rad ÛÙÔ ÛËÌÂ›Ô  K.

f1¢j = (–7)Ø0,01 = –70Ø10–3

f2¢Ê = (–3)Ø0,01 = –30Ø10–3

 ̨
˝
¸

 

22,4X1+7,67X2–70 = 0
7,67X1+3,12X2–30 = 0     fi   

X1 = –0,99
X2 = 11,43

.
MC, ¢j = –0,99Ø(–7)+11,43Ø(–3) = –27,36
.
MF, ¢j = –0,99Ø(–4) = 3,96

– u=1 cm  ÙË˜ ÛÙ‹ÚÈÍË˜  A

f1u = –1Ø10–2 = –10Ø10–3

f2u = 0

 ̨
˝
¸22,4X1+7,67X2–10 = 0

7,67X1+3,12X2 = 0       fi   
X1 = 2,64
X2 = –6,49

.
MC, u = 2,64Ø7–6,49Ø(–3) = 0,99
.
MF, u = 2,64Ø(–4) = –10,56

Παρ�δειγμα 13.5  ™Ùo ‰ÈÎÙ‡ˆÌ· ÙÔ˘ Û¯. 13.7  Ó· ‚ÚÂıÔ‡Ó ÔÈ ·ÍÔÓÈÎ¤˜ ‰˘Ó¿ÌÂÈ˜
ÙˆÓ Ú¿‚‰ˆÓ ÁÈ· Ù· ·›ÙÈ·:

·) EÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË.

‚) £ÂÚÌÔÎÚ·ÛÈ·Î‹ ÌÂÙ·‚ÔÏ‹  t=20ÆC  ÙˆÓ ÂÍˆÙÂÚÈÎÒÓ Ú¿‚‰ˆÓ.
Á) ¢È·ÊÔÚ¿ Û˘Ó·ÚÌÔÁ‹˜  ¢l=6 mm  ÛÙË Ú¿‚‰Ô  (3,5)

EFr = 105Ø103 kN    ·=10–5 grad–1   ÁÈ· fiÏÂ˜ ÙÈ˜ Ú¿‚‰Ô˘˜.

α) TÔ ‰ÈÎÙ‡ˆÌ· ÂÛˆÙÂÚÈÎ¿ Â›Ó·È ‰‡Ô ÊÔÚ¤˜ ˘ÂÚÛÙ·ÙÈÎfi ÂÓÒ ÂÍˆÙÂÚÈÎ¿ Â›Ó·È
ÈÛÔÛÙ·ÙÈÎfi. EÈÏ¤ÁÔÓÙ·È Û·Ó ˘ÂÚ¿ÚÈıÌ· ÌÂÁ¤ıË ÔÈ ·ÍÔÓÈÎ¤˜ ‰˘Ó¿ÌÂÈ˜ ÙˆÓ Ú¿-
‚‰ˆÓ  S24=X1   Î·È  S26=X2  ÔfiÙÂ ÚÔÎ‡ÙÂÈ ÙÔ K.™  ÙÔ˘ Û¯‹Ì·ÙÔ˜.

Δε�κτες ευκαμψ�ας

OÈ ÙÈÌ¤˜ ÙˆÓ ·ÍÔÓÈÎÒÓ ‰˘Ó¿ÌÂˆÓ ÙˆÓ Ú·‚‰ÒÓ ·fi ÙËÓ Â›Ï˘ÛË ÙÔ˘ K.™  ÁÈ·
X1=1   Î·È   X2=1  ·Ó·ÁÚ¿ÊÔÓÙ·È ¿Óˆ ÛÙ· Û¯‹Ì·Ù·. Afi ÙÈ˜ ÙÈÌ¤˜ ÙÔ˘ ÈÓ. 13.1
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Î·È ·fi ÙÔÓ Ù‡Ô  (ÈÓ. 10.3)

fij = Â
 

r
 Sr, i Sr, j lr

EFr
 = 1

EFr
  Â

 

r
 Sr, i Sr, j lr

ÚÔÎ‡ÙÂÈ

f11 = 14,486
EFr

 = 0,138Ø10–3    f12 = 1,5
EFr

 = 0,014Ø10–3    f22 = 14,486
EFr

 = 0,138Ø10–3 .

Φ�ρτιστικ�� �ρ�ι

OÈ ÙÈÌ¤˜ ÙˆÓ ·ÍÔÓÈÎÒÓ ‰˘Ó¿ÌÂˆÓ ÙˆÓ Ú¿‚‰ˆÓ ·fi ÙËÓ Â›Ï˘ÛË ÙÔ˘ K.™  ÁÈ·
ÙËÓ ÂÍˆÙÂÚÈÎ‹ ÊfiÚÙÈÛË ·Ó·ÁÚ¿ÊÔÓÙ·È ¿Óˆ ÛÙÔ Û¯‹Ì·.

™‡ÌÊˆÓ· ÌÂ ÙÈ˜ ÙÈÌ¤˜ ÙÔ˘ ÈÓ. 13.1 Â›Ó·È

f1p =  Â
 

r
 Sr, 1 Sr, p lr

EFr
 = –  38,79

EFr
        f2p =  Â

 

r
 Sr, 2 Sr, p lr

EFr
 = 286,05

EFr
   .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων

f11X1+f12X2+f1p = 0
f21X1+f22X2+f2p = 0  ̨

˝
¸14,486X1+1,5X2–38,79 = 0

1,5X1+14,486X2+286,05 = 0    fi  
X1 = +4,774
X2 = –20,241

Yπ�λ�γισμ�ς των  
.
Sr, p

OÈ  
.
Sr, p  ˘ÔÏÔÁ›˙ÔÓÙ·È ·fi ÙËÓ ÂÍ›ÛˆÛË

.
Sr, p = Sr, p +Sr, 1 X1+Sr, 2 X2

Î·È ˘¿Ú¯Ô˘Ó ÛÙËÓ ÙÂÏÂ˘Ù·›· ÛÙ‹ÏË ÙÔ˘ ›Ó. 13.1.

β) £ÂÚÌÔÎÚ·ÛÈ·Î‹ ÌÂÙ·‚ÔÏ‹  t=20ÆC  ÙˆÓ ÂÍˆÙÂÚÈÎÒÓ Ú¿‚‰ˆÓ.

Φ�ρτιστικ�� �ρ�ι

™‡ÌÊˆÓ· ÌÂ ÙÈ˜ ÙÈÌ¤˜ ÙÔ˘ ÈÓ. 13.2 Â›Ó·È

f1t =  Â
 

r
Sr, 1· tr lr = –1,273Ø10–3             f2t =  Â

 

r
Sr, 2 ·tr lr  = –1,273 10–3 .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων

 ̨
˝
¸0,138X1+0,014X2–1,273 = 0

0,014X1+0,138X2–1,273 = 0   fi 
X1=8,375
X2=8,375

    .

Yπ�λ�γισμ�ς των 
.
Sr, t

Afi ÙËÓ ÂÍ›ÛˆÛË  
.
Sr, t = Sr, 1X1+Sr, 2 X2  ÚÔÎ‡ÙÂÈ

.
S12 = 

.
S23 = 

.
S34 = 

.
S45 = 

.
S56 = 

.
S61 = –5,921    

.
S25 = –11,842

.
S15 = 

.
S26 = 

.
S24 = 

.
S35 = 8,375
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γ) ¢È¿ÊÔÚ· Û˘Ó·ÚÌÔÁ‹˜  ¢l=6 mm  ÛÙË Ú¿‚‰Ô  (3,5)

Φ�ρτιστικ�� �ρ�ι

f1¢l = ÂSr, i ¢lr = 1Ø6Ø10–3 = 6Ø10–3              f2¢l = 0Ø6Ø10–3 = 0 .

Συνθ�κες συμ�ι�αστ�� των μετακιν�σεων

 ̨
˝
¸0,138X1+0,014X2+6 = 0

0,014X1+0,138X2 = 0      fi   
X1 = –43,93
X2 = +4,457

Yπ�λ�γισμ�ς των  
.
Sr, ¢l

Afi ÙËÓ ÂÍ›ÛˆÛË  
.
Sr, ¢l = Sr, 1 X1+Sr, 2X2  ÚÔÎ‡ÙÂÈ

S12 = S16 = S56 = –3,151 S15 = S26 = +4,457 S25 = +27,907

S23 = S34 = S45 = +31,058 S35 = S24 = –43,93

Π�νακας 13.1

P¿‚‰ÔÈ Sr, 1 Sr, 2 Sr, p lr S2

r, 1 
lr S2

r, 2 
lr Sr, 1Sr, 2 lr Sr, 1Sr, p lr Sr, 2 Sr, p lr  

.
Sr,  p

(12) 0 –0,707 +10 3 0 +1,5 0 0 –21,21 +24.310

(16) 0 –0,707 0 3 0 +1,5 0 0 0 +14,310

(15) 0 +1 +42,43 4,243 0 +4,243 0 0 +180 +22,189

(25) –0,707 –0,707 –20 3 +1,5 +1,5 +1,5 +42,42 +42,42 –9,065

(56) 0 –0,707 –40 3 0 +1,5 0 0 +84,84 –25,690

(23) –0,707 0 +10 3 +1,5 0 0 –21,21 0 +6,625

(34) –0,707 0 0 3 +1,5 0 0 0 0 –3,375

(35) +1 0 –14,14 4,243 +4,243 0 0 –60 0 –9,366

(45) –0,707 0 0 3 +1,5 0 0 0 0 –3,375
(24):X1 +1 0 0 4,243 +4,243 0 0 0 +4,774
(26):X2 0 +1 0 4,243 +4,243 0 0 0 –20,241

™‡ÓÔÏÔ +14,486 +14,486 +1,5 –38,79 286,05

Π�νακας 13.2

P¿‚‰Ô˜ Sr, 1 Sr, 2 lr tr Sr, 1·tr lr Sr, 2 ·tr lr
(12) 0 –0,707 3 20 0 42,42Ø10–5

(23) –0,707 0 3 20 –42,42Ø10–5

(34) –0,707 0 3 20 –42,42Ø10–5

(45) –0,707 0 3 20 –42,42Ø10–5

(56) 0 –0,707 3 20 0 42,42Ø10–5

(61) 0 –0,707 3 20 0 42,42Ø10–5

™‡ÓÔÏÔ –127,26Ø10–5 –127,26Ø10–5




