


18Ô ¯ÏÌ £ÂÛ/Ó›ÎË˜-¶ÂÚ·›·˜
T.£. 171 ñ N¤ÔÈ EÈ‚¿ÙÂ˜ £ÂÛÛ·ÏÔÓ›ÎË˜ ñ  T.K. 570 19
TËÏ.: 03920-72.222 (5 ÁÚ·Ì.) - Fax: 03920-72.229
e-mail: info@ziti.gr

¶. ZHTH & ™È· OEºˆÙÔÛÙÔÈ¯ÂÈÔıÂÛ›·
EÎÙ‡ˆÛË

AÚÌÂÓÔÔ‡ÏÔ˘ 27 ñ 546 35  £ÂÛÛ·ÏÔÓ›ÎË 
TËÏ. 0310-203.720,  Fax 0310-211.305
e-mail: sales@ziti.gr

BÈ‚ÏÈÔˆÏÂ›Ô

 
ISBN 960-431-807-1

© Copyright: ¢. AÚ·Ì¤ÏÔ˜, EÎ‰fiÛÂÈ˜ Z‹ÙË, ™ÂÙ¤Ì‚ÚÈÔ˜ 2002, £ÂÛÛ·ÏÔÓ›ÎË

TÔ ·ÚfiÓ ¤ÚÁÔ ÓÂ˘Ì·ÙÈÎ‹˜ È‰ÈÔÎÙËÛ›·˜ ÚÔÛÙ·ÙÂ‡ÂÙ·È Î·Ù¿ ÙÈ˜ ‰È·Ù¿ÍÂÈ˜ ÙÔ˘ EÏÏËÓÈÎÔ‡ 
ÓfiÌÔ˘ (N.2121/1993 fiˆ˜ ¤¯ÂÈ ÙÚÔÔÔÈËıÂ› Î·È ÈÛ¯‡ÂÈ Û‹ÌÂÚ·) Î·È ÙÈ˜ ‰ÈÂıÓÂ›˜ Û˘Ì‚¿ÛÂÈ˜ 
ÂÚ›  ÓÂ˘Ì·ÙÈÎ‹˜ È‰ÈÔÎÙËÛ›·˜. A·ÁÔÚÂ‡ÂÙ·È ·ÔÏ‡Ùˆ˜ Ë ¿ÓÂ˘ ÁÚ·Ù‹˜ ¿‰ÂÈ·˜ ÙÔ˘ ÂÎ‰fiÙË 
Î·Ù¿ ÔÔÈÔ‰‹ÔÙÂ ÙÚfiÔ ‹ Ì¤ÛÔ ·ÓÙÈÁÚ·Ê‹, ÊˆÙÔ·Ó·Ù‡ˆÛË Î·È ÂÓ Á¤ÓÂÈ ·Ó··Ú·ÁˆÁ‹, 
ÂÎÌ›ÛıˆÛË ‹ ‰·ÓÂÈÛÌfi˜, ÌÂÙ¿ÊÚ·ÛË, ‰È·ÛÎÂ˘‹, ·Ó·ÌÂÙ¿‰ÔÛË ÛÙÔ ÎÔÈÓfi ÛÂ ÔÔÈ·‰‹ÔÙÂ ÌÔÚÊ‹ 
(ËÏÂÎÙÚÔÓÈÎ‹, ÌË¯·ÓÈÎ‹ ‹ ¿ÏÏË) Î·È Ë ÂÓ Á¤ÓÂÈ ÂÎÌÂÙ¿ÏÏÂ˘ÛË ÙÔ˘ Û˘ÓfiÏÔ˘ ‹ Ì¤ÚÔ˘˜ ÙÔ˘ ¤ÚÁÔ˘.

w w w . z i t i . g r

ii

Dhmătrioc N. Arampèloc

Kajhghtăc AristoteleÐou PanepisthmÐou JessalonÐkhc



Prìlogoc

H eisagwgă sth jewrÐa tou dunamikoÔ apeujÔnetai stouc foithtèc kai foită-
triec twn proptuqiakÿn kai metaptuqiakÿn TmhmĹtwn Agronìmwn kai TopogrĹ-
fwn Mhqanikÿn tou AristoteleÐou PanepisthmÐou JessalonÐkhc (APJ), tou
EjnikoÔ MetsobÐou PoluteqneÐou (EMP) kai Ĺllwn sunafÿn panepisthmiakÿn
TmhmĹtwn kai èqei stìqo thn upostărixh twn gnwstikÿn perioqÿn oi opoÐec
asqoloÔntai me th melèth tou pedÐou barÔthtac.

EÐnai profanăc h duskolÐa na grafteÐ sămera èna biblÐo sqetikì me th jewrÐa
tou dunamikoÔ, ìtan sth diejnă bibiliografÐa upĹrqoun pĹra pollĹ suggrĹmma-
ta, ta opoÐa jewroÔntai klasikĹ èrga. H prospĹjeia aută ègine, epeidă sthn
ellhnikă bibliografÐa den upĹrqei èna boăjhma to opoÐo na sugkentrÿnei to a-
paraÐthto ulikì, ÿste na qrhsimeÔsei wc jewrhtikì upìbajro gia th melèth tou
pedÐou barÔthtac.

H Ôlh diaireÐtai se èxi mèrh. Sto prÿto mèroc gÐnetai mia epanĹlhyh tou
DianusmatikoÔ LogismoÔ, me èmfash stic idiìthtec tou diaforkoÔ dianusmatikoÔ
telestă fifianĹdeltaflfl kai sth fusikă shmasÐa thc efarmogăc tou se bajmwtèc kai
dianusmatikèc sunartăseic. Sto Ðdio mèroc perilambĹnontai oi tautìthtec tou
Gauss, tou Green kai to jeÿrhma tou Stokes.

Oi orjogÿniec kampulìgrammec suntetagmènec exetĹzontai sto deÔtero mè-
roc, to opoÐo metĹ apì ta genikĹ estiĹzetai sth melèth twn triÿn eidikÿn or-
jogÿniwn kampulìgrammwn suntetagmènwn, oi opoÐec eÐnai perissìtero qrăsimec
stic efarmogèc, dhl. twn kulindrikÿn, oi opoÐec eÐnai qrăsimec p.q. sthn ana-
gwgă tou pedÐou barÔthtac se orismèno Ôyoc epĹnw apì thn epifĹneia anaforĹc,
twn sfairikÿn, oi opoÐec brÐskoun eureÐa efarmogă se ìlec tic periptÿseic sfai-
rikăc prosèggishc tou pedÐou barÔthtac, kai twn elleiyoeidÿn, oi opoÐec eÐnai
aparaÐthtec sth dhmiourgÐa montèlwn barÔthtac.

H eisagwgă sth jewrÐa tou dunamikoÔ gÐnetai sta upìloipa tèssera mèrh.
Sugkekrimèna, sto trÐto mèroc exetĹzetai h elktikă dÔnamh anĹmesa stic mĹzec
gia shmeiakă katanomă, peperasmèno arijmì shmeiakÿn mazÿn, suneqă katanomă
mĹzac sto qÿro, katanomă aploÔ kai diploÔ strÿmatoc. EisĹgetai h ènnoia tou
dunamikoÔ kai exetĹzontai oi idiìthtec tou dunamikoÔ kai thc èlxhc sto qÿro èxw
apì tic mĹzec.

Sto tètarto mèroc gÐnetai prospĹjeia ermhneÐac twn oloklhrwmatikÿn tÔpwn
thc jewrÐac tou dunamikoÔ kai exetĹzontai oi idiìthtec tou dunamikoÔ kai twn
paragÿgwn tou prÿthc kai deÔterhc tĹxhc gia tic Ðdiec katanomèc mĹzac, pou
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anafèrjhkan prohgoumènwc, sto qÿro mèsa stic mĹzec ă epĹnw sthn epifĹneia
pou tic perikleÐei.

Sto pèmpto mèroc analÔetai h diadikasÐa anĹptuxhc tou dunamikoÔ se seirĹ
sfairikÿn kai elleiyoeidÿn armonikÿn sunartăsewn. Me afethrÐa thn anĹptuxh
tou antistrìfou thc apìstashc metaxÔ dÔo shmeÐwn se seirĹ dunĹmewn gÐnetai
parousÐash twn sfairikÿn armonikÿn wc lÔsewn thc exÐswshc tou Laplace kai
thc anĹptuxhc se seirĹ sfairikÿn armonikÿn. ParousiĹzontai tÔpoi gia ton
upologismì poluwnÔmwn kai prosarthmènwn sunartăsewn tou Legendre kai h
diadikasÐa anĹptuxhc empeirikÿn sunartăsewn se seirĹ sfairikÿn armonikÿn.

Tèloc, sto èkto mèroc gÐnetai anaforĹ sta problămata twn sunoriakÿn ti-
mÿn thc jewrÐac tou dunamikoÔ kai se klasikèc mejìdouc epÐlusăc touc. GÐnetai
diereÔnhsh gia to monosămanto twn problhmĹtwn twn sunoriakÿn timÿn kai dia-
tÔpwsh tou problămatoc tou Dirichlet, tou Neumann kai tou miktoÔ problăma-
toc twn sunoriakÿn timÿn. Akìmh gÐnetai anaforĹ sthn epÐlush me th boăjeia
oloklhrwmatikÿn tÔpwn kai stic proüpojèseic Ôparxhc lÔshc. Den gÐnetai ana-
forĹ stic anagwgèc pou apaitoÔntai gia ton akribă prosdiorismì tou geweidoÔc
ă sto diplì prìblhma twn sunoriakÿn timÿn, jèmata ta opoÐa anaptÔssontai
sta plaÐsia Ĺllwn majhmĹtwn, ìpwc h fifiBaruthmetrÐaflfl, h fifiFusikă GewdaisÐaflfl
k.lp.

Sta shmeÐa, ìpou krÐnetai aparaÐthto, parembĹllontai efarmogèc gia na gÐ-
netai katanohtă h qrhsimìthta thc antÐstoiqhc Ôlhc.

To biblÐo periorÐzetai sthn klasikă anĹptuxh thc jewrÐac tou dunamikoÔ.
DÐnetai èmfash stouc orismoÔc, stic ènnoiec, stic proüpojèseic me tic opoÐec
isqÔoun oi diĹforec idiìthtec, kai stic apodeiktikèc diadikasÐec.

H bibliografÐa pou paratÐjetai se kammiĹ perÐptwsh den kalÔptei to megĹlo
arijmì twn suggrammĹtwn pou asqoloÔntai me th gnwstikă aută perioqă. Pe-
rilambĹnei mìno ta èrga ta opoÐa sumbouleÔthke o suggrafèac. Orismènwn apì
autĹ ègine ektetamènh qrăsh.

Euqaristÿ jermĹ thn kurÐa I. KarrÐnth gia th sumbolă thc sth grammatikă
kai suntaktikă artiìthta tou keimènou kai touc foithtèc mou pou me thn prose-
ktikă melèth twn shmeiÿsewn entìpisan arketĹ lĹjh stouc tÔpouc.

To biblÐo afierÿnetai sth mnămh thc suzÔgou mou MarÐac ManidĹkh, pou
anèqjhke autèc tic anohsÐec mou epÐ triĹnta qrìnia me iÿbeia upomonă.

JessalonÐkh, Septèmbrioc 2002 D. Arampèloc
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KefĹlaio 1

Basikèc ènnoiec tou
dianusmatikoÔ logismoÔ - oi
tautìthtec tou Gauss kai
tou Green, to jeÿrhma tou
Stokes

1.1 BajmwtĹ kai dianusmatikĹ megèjh - Ĺlgebra
dianusmĹtwn

1.1.1 BajmwtĹ kai dianusmatikĹ megèjh

DiĹnusma (vector) eÐnai èna mègejoc to opoÐo orÐzetai me treic paramètrouc,
mètro, dieÔjunsh kai forĹ. Tètoia megèjh eÐnai h metatìpish, h dÔnamh, h taqÔ-
thta, h epitĹqunsh.

GrafikĹ, èna diĹnusma paristĹnetai apì èna bèloc OP (Sqăma 1.1), to opoÐo
orÐzei th dieÔjunsh tou dianÔsmatoc. To mètro ă măkoc tou dianÔsmatoc orÐzetai
apì to măkoc tou bèlouc. To shmeÐo O eÐnai h arqă kai to P to pèrac tou
dianÔsmatoc.

AnalutikĹ, èna diĹnusma paristĹnetai me èna grĹmma pĹnw apì to opoÐo
upĹrqei èna bèloc, ìpwc to

−→A sto Sqăma 1.1, enÿ to mètro tou sumbolÐzetai me∣∣∣−→A ∣∣∣ ă aplĹ A.

Se graptĹ keÐmena to diĹnusma
−→
A sumbolÐzetai me èna grĹmma èntono p.q.

A, enÿ to mètro tou sumbolÐzetai me |A| ă aplĹ A. Akìmh gia to diĹnusma OP
qrhsimopoieÐtai o sumbolismìc

−→OP ă OP. Sthn perÐptwsh aută to mètro sum-

bolÐzetai wc OP ă
∣∣∣−→OP

∣∣∣ ă |OP|.

1
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Sqăma 1.1: ParĹstash dianÔsmatoc

Bajmwtì (scalar) eÐnai èna mègejoc to opoÐo èqei mètro allĹ ìqi dieÔjunsh.
BajmwtĹ megèjh eÐnai p.q. h mĹza, to măkoc, o qrìnoc, h jermokrasÐa kai
kĹje pragmatikìc arijmìc. Ta bajmwtĹ ă arijmhtikĹ megèjh sumbolÐzontai me
ta sunăjh grĹmmata ta opoÐa qrhsimopoioÔntai sthn Ĺlgebra twn arijmÿn. Oi
prĹxeic metaxÔ bajmwtÿn megejÿn akoloujoÔn touc algebrikoÔc kanìnec.

1.1.2 ’Algebra dianusmĹtwn

Oi algebrikèc prĹxeic thc prìsjeshc, afaÐreshc kai pollaplasiasmoÔ, oi opoÐec
isqÔoun sthn Ĺlgebra twn arijmÿn, epekteÐnontai me katĹllhlo trìpo kai sthn
Ĺlgebra twn dianusmĹtwn. Oi akìloujoi orismoÐ eÐnai jemeliÿdeic:

1. DÔo dianÔsmata A kai B eÐnai Ðsa eĹn èqoun to Ðdio mètro, thn Ðdia dieÔ-
junsh kai thn Ðdia forĹ, anexĹrthta apì thn arqă touc.

2. ’Ena diĹnusma pou èqei forĹ antÐjeth ekeÐnhc tou dianÔsmatoc A, sumbo-
lÐzetai me -A (Sqăma 1.2).

Sqăma 1.2: DianÔsmata me antÐjeth forĹ
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3. To Ĺjroisma twn dianusmĹtwn A kai B eÐnai èna diĹnusma C to opoÐo sqh-
matÐzetai topojetÿntac thn arqă tou B sto pèrac tou A kai sundèontac
thn arqă tou A me to pèrac tou B (Sqăma 1.3a kai b). To Ĺjroisma sum-
bolÐzetai C = A + B. O orismìc autìc eÐnai isodÔnamoc me ton kanìna
tou parallhlogrĹmmou gia thn prìsjesh twn dianusmĹtwn (Sqăma 1.3c).

Sqăma 1.3: ’Ajroisma dÔo dianusmĹtwn kai o kanìnac tou parallhlogrĹmmou

O orismìc tou ajroÐsmatoc epekteÐnetai Ĺmesa se perissìtera apì dÔo
dianÔsmata. Sto Sqăma 1.4 to diĹnusma E eÐnai to Ĺjroisma twn dianu-
smĹtwn A,B,C kai D.

Sqăma 1.4: ’Ajroisma perissotèrwn twn dÔo dianusmĹtwn

4. H diaforĹ twn dianusmĹtwn A kai B, h opoÐa sumbolÐzetai A−B eÐnai to
diĹnusma C, to opoÐo eĹn prostejeÐ sto B dÐnei to diĹnusma A. IsodÔnama,
h diaforĹ A − B orÐzetai wc to Ĺjroisma A + (−B).

5. To ginìmeno enìc dianÔsmatoc A epÐ to bajmwtì mègejoc m eÐnai èna
diĹnusma mA me mètro |m| forèc to mètro tou A, dieÔjunsh th dieÔjunsh
tou A kai forĹ th forĹ tou A, an o m eÐnai jetikìc ă antÐjeth autăc, an
o m eÐnai arnhtikìc. An m = 0, mA eÐnai to mhdenikì diĹnusma.
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Idiìthtes ths Ĺlgebras twn dianusmĹtwn. EĹn A, B kai C eÐnai dianÔ-
smata kai m,n bajmwtĹ megèjh, tìte

1 . A + B = B + A Antimetajetikă idiìthta gia thn prìsjesh
2 . A + (B + C) = (A + B) + C Prosetairistikă idiìthta gia thn prìsjesh
3 . mA = Am Antimetajetikă idiìthta gia ton pollapla-

siasmì
4 . m(nA) = (mn)A Prosetairistikă idiìthta gia ton pollapla-

siasmì
5 . (m + n)A = mA + nA Epimeristikă idiìthta
6 . m(A + B) = mA + mB Epimeristikă idiìthta

MonadiaÐo diĹnusma eÐnai èna diĹnusma me mètro Ðso me th monĹda. EĹn
A eÐnai èna diĹnusma me mètro A �= 0, tìte A/A eÐnai monadiaÐo diĹnusma me
dieÔjunsh kai forĹ th dieÔjunsh kai th forĹ tou A.

KĹje diĹnusma A mporeÐ na parÐstatai apì èna monadiaÐo diĹnusma a me dieÔ-
junsh kai forĹ th dieÔjunsh kai th forĹ tou A, pollaplasiasmèno epÐ to mètro
tou A, dhl. A = Aa.

Orjogÿnia monadiaÐa dianÔsmata i, j,k, eÐnai to sÔnolo twn monadiaÐwn
dianusmĹtwn ta opoÐa èqoun dieujÔnseic antÐstoiqec proc touc jetikoÔc Ĺxonec
x, y, z enìc trisorjogwnÐou sustămatoc suntetagmènwn (Sqăma 1.5).

Sqăma 1.5: Orjogÿnio sÔsthma suntetagmènwn

Sth sunèqeia, ektìc an orÐzetai diaforetikĹ, qrhsimopoioÔntai dexiìstrofa
sustămata suntetagmènwn. ’Ena tètoio sÔsthma antleÐ thn onomasÐa tou apì to
gegonìc ìti ènac dexiìstrofoc koqlÐac pou peristrèfetai katĹ 90◦ apì Ox proc
Oy proqwreÐ katĹ th dieÔjunsh tou jetikoÔ z (bl. Sqăma 1.6).

GenikĹ, trÐa mh sunepÐpeda dianÔsmata A, B kai C, ta opoÐa èqoun koină
arqă, sqhmatÐzoun èna dexiìstrofo sÔsthma, eĹn ènac dexiìstrofoc koqlÐac, o
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Sqăma 1.6: Dexiìstrofo sÔsthma

opoÐoc peristrèfetai apì to A proc to B, proqwreÐ katĹ th dieÔjunsh tou C.

1.1.3 Suntetagmènec dianÔsmatoc

KĹje diĹnusma A tou qÿrou twn triÿn diastĹsewn mporeÐ na parastajeÐ me
arqă thn arqă O ènoc orjogwnÐou sustămatoc suntetagmènwn (Sqăma 1.7). ’E-
stw (A1, A2, A3) oi suntetagmènec tou pèratoc tou dianÔsmatoc A me arqă to
O. Ta dianÔsmata A1i, A2j kai A3k kaloÔntai dianÔsmata-orjogÿniec sunistÿ-
sec ă aplĹ dianÔsmata-sunistÿsec tou A stic dieujÔnseic x, y, z antÐstoiqa.
Ta A1, A2, A3 kaloÔntai orjogÿniec sunistÿsec ă aplĹ sunistÿsec tou A stic
dieujÔnseic x, y, z antÐstoiqa.

Sqăma 1.7: Orjogÿnio sÔsthma suntetagmènwn
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To Ĺjroisma twn A1i, A2j kai A3k eÐnai to diĹnusma A, dhl.

A = A1i + A2j + A3k. (1.1)

To mètro tou A eÐnai

A = |A| =
√

A2
1 + A2

2 + A2
3. (1.2)

IdiaÐtera, to diĹnusma jèshc ă dianusmatikă aktÐna r apì to O tou shmeÐou
(x, y, z) sumbolÐzetai

r = xi + yj + zk (1.3)

kai èqei mètro

r = |r| =
√

x 2 + y2 + z 2.

1.1.4 PedÐo bajmwtÿn megejÿn kai pedÐo dianusmĹtwn

PedÐo bajmwtÿn megejÿn. EĹn se kĹje shmeÐo (x, y, z) thc perioqăc R tou
qÿrou antistoiqeÐ ènac arijmìc ă èna bajmwtì mègejoc φ(x, y, z), tìte φ ka-
leÐtai bajmwtă sunĹrthsh jèshc ă bajmwtă shmeiakă sunĹrthsh (scalar point
function). Sthn perÐptwsh aută èna bajmwtì pedÐo (scalar field) φ orÐzetai sthn
R.

ParadeÐgmata: (1) H atmosfairikă pÐesh se kĹje shmeÐo sthn epifĹneia thc

ghc se mia orismènh qronikă stigmă eÐnai èna bajmwtì pe-

dÐo.

(2) H sunĹrthsh φ(x, y, z) = xy2 − z3 orÐzei èna bajmwtì pe-

dÐo.

’Ena bajmwtì pedÐo, to opoÐo eÐnai anexĹrthto tou qrìnou, kaleÐtai statikì
bajmwtì pedÐo (stationary scalar field).

PedÐo dianusmĹtwn. EĹn se kĹje shmeÐo (x, y, z) thc perioqăc R tou qÿrou
antistoiqeÐ èna diĹnusma V(x, y, z), tìte to V kaleÐtai dianusmatikă sunĹrth-
sh jèshc ă dianusmatikă shmeiakă sunĹrthsh (vector point function). Sthn
perÐptwsh aută èna dianusmatikì pedÐo (vector field) V orÐzetai sthn R.

’Ena dianusmatikì pedÐo, to opoÐo eÐnai anexĹrthto tou qrìnou, kaleÐtai stati-
kì dianusmatikì pedÐo (stationary vector field).

1.2 To eswterikì kai to exwterikì ginìmeno

1.2.1 To eswterikì ginìmeno

To eswterikì ă bajmwtì ginìmeno (dot product) dÔo dianusmĹtwn A kai B, to
opoÐo sumbolÐzetai A · B, orÐzetai wc to ginìmeno twn mètrwn twn A kai B kai
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ParadeÐgmata: (1) EĹn h taqÔthta se kĹje shmeÐo (x, y, z) mèsa se kinoÔ-

meno reustì eÐnai gnwstă se orismènh qronikă stigmă,

tìte orÐzetai èna dianusmatikì pedÐo.

(2) H sunĹrthsh V(x, y, z) = xy3i − 2yz3j + x2zk orÐzei èna

dianusmatikì pedÐo.

tou sunhmitìnou thc metaxÔ touc gwnÐac ϑ

A · B = AB cos ϑ, 0 ≤ ϑ ≤ π, (1.4)

dhl. to eswterikì ginìmeno dÔo dianusmĹtwn eÐnai bajmwtì mègejoc.
Gia to eswterikì ginìmeno isqÔoun oi akìloujec idiìthtec

1 . A · B = B ·A Antimetajetikă idiìthta
2 . A · (B + C) = A · B + A ·C Epimeristikă idiìthta
3 . m(A ·B) = (mA) · B = A · (mB) = (A · B)m,

ìpou m bajmwtì mègejoc
4 . i · i = j · j = k · k = 1, i · j = j · k = k · i = 0
5 . EĹn A = A1i + A2j + A3k kai B = B1i + B2j + B3k, tìte

A · B = A1B1 + A2B2 + A3B3

A · A = A2 = A2
1 + A2

2 + A2
3

B · B = B2 = B2
1 + B2

2 + B2
3

6 . EĹn A ·B = 0 kai A, B mh mhdenikĹ dianÔsmata, tìte ta A kai
B eÐnai kĹjeta metaxÔ touc.

1.2.2 To exwterikì ginìmeno

To exwterikì ă dianusmatikì ginìmeno (cross product) dÔo dianusmĹtwn A kai
B eÐnai èna diĹnusma C to opoÐo èqei mètro to ginìmeno twn mètrwn twn A, B
kai tou hmitìnou thc metaxÔ twn gwnÐac ϑ, kai dieÔjunsh kĹjeth sto epÐpedo
twn A kai B eic trìpon ÿste ta A,B kai C na sqhmatÐzoun èna dexiìstrofo
sÔsthma. IsqÔei o akìloujoc sumbolismìc

A × B = C = AB sin ϑu, 0 ≤ ϑ ≤ π, (1.5)

ìpou u monadiaÐo diĹnusma sth dieÔjunsh tou C.
EĹn A = B ă A parĹllhlo proc to B, tìte A × B = 0, epeidă sin ϑ = 0.
Gia to exwterikì ginìmeno isqÔoun oi akìloujec idiìthtec:

1 . A × B = −B× A Den isqÔei h antimetajetikă idiìthta

2 . A × (B + C) = A× B + A× C Epimeristikă idiìthta

3 . m(A × B) = (mA) × B = A × (mB) = (A × B)m,

ìpou m bajmwtì mègejoc

4 . i × i = j× j = k × k = 0, i × j = k, j× k = i, k × i = j
5 . EĹn A = A1i + A2j + A3k kai B = B1i + B2j + B3k, tìte
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A × B =

∣∣∣∣∣∣
i j k

A1 A2 A3

B1 B2 B3

∣∣∣∣∣∣ . (1.6)

6 . To mètro tou A × B eÐnai Ðso me to embadì tou parallhlogrĹmmou

me pleurèc A kai B.

7 . EĹn A × B = 0 kai A,B mh mhdenikĹ dianÔsmata, tìte ta A

kai B eÐnai parĹllhla metaxÔ touc.

1.2.3 TriplĹ ginìmena

O eswterikìc kai exwterikìc pollaplasiasmìc triÿn dianusmĹtwn A, B, C sqh-
matÐzoun axioshmeÐwta triplĹ ginìmena (triple products) tou tÔpou (A · B)C,
A · (B × C), to opoÐo kaleÐtai miktì ginìmeno kai sumbolÐzetai [ABC] kai
A × (B × C), to opoÐo kaleÐtai disexwterikì ginìmeno. IsqÔoun oi akìloujec
idiìthtec:

1 . (A ·B)C �= A(B · C)
2 . A × (B× C) �= (A × B) × C Den isqÔei h prosetairistikă idiìthta

3 . A × (B× C) = (A · C)B− (A · B)C
(A × B) × C = (A · C)B− (B ·C)A

4 . A · (B × C) = B · (C× A) = C · (A × B) = me ton ìgko parallhle-

pipèdou, to opoÐo èqei akmèc ta A,B,C, efìson autĹ sqhmatÐzoun

dexiìstrofo sÔsthma, ă ton antÐstoiqo arnhtikì ìgko, efìson ta A,B,

C sqhmatÐzoun aristerìstrofo sÔsthma.

5 . EĹn A = A1i + A2j + A3k, B = B1i + B2j + B3k
kai C = C1i + C2j + C3k, tìte

A · (B × C) =

∣∣∣∣∣∣
A1 A2 A3

B1 B2 B3

C1 C2 C3

∣∣∣∣∣∣ . (1.7)

1.2.4 AntÐstrofa sÔnola dianusmĹtwn

Ta sÔnola twn dianusmĹtwn a,b, c kai a′,b′, c′ kaloÔntai antÐstrofa sÔnola ă
sustămata dianusmĹtwn (reciprocal sets), eĹn

a · a′ = b · b′ = c · c′ = 1,

a′ · b = a′ · c = b′ · a = b′ · c = c′ · a = c′ · b = 0.

Ta sÔnola a,b, c kai a′,b′, c′ eÐnai antÐstrofa, eĹn kai mìnon eĹn
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a′ =
b × c

a · b × c
, b′ =

c × a
a · b × c

, c′ =
a × b

a · b× c
, (1.8)

ìpou a · b × c �= 0.

1.3 Diaforikìc dianusmatikìc logismìc

1.3.1 ParĹgwgoc dianÔsmatoc

’Estw R(u) diĹnusma, sunĹrthsh miac metablhtăc u, ìpou u bajmwtì mègejoc
kai ∆u mia metabolă tou u. Tìte isqÔei h sqèsh (bl. Sqăma 1.8)

∆R
∆u

=
R(u + ∆u) − R(u)

∆u
.

Sqăma 1.8: ParĹgwgoc dianÔsmatoc

H parĹgwgoc tou dianÔsmatoc R(u) wc proc u orÐzetai apì th sqèsh

dR
du

= lim
∆u→0

∆R
∆u

= lim
∆u→0

R(u + ∆u) − R(u)
∆u

,

efìson upĹrqei to ìrio autì.
To diĹnusma dR/du eÐnai sunĹrthsh tou u, opìte mporeÐ na oristeÐ h parĹ-

gwgìc tou wc proc u. EĹn h parĹgwgoc aută upĹrqei, sumbolÐzetai wc d2R/du2.
’Omoia, sumbolÐzontai oi parĹgwgoi anÿterhc tĹxhc.

1.3.2 KampÔlec tou qÿrou

EĹn to diĹnusma R(u) eÐnai to diĹnusma jèshc r(u) tou tuqìntoc shmeÐou (x, y, z)
wc proc èna sÔsthma suntetagmènwn me arqă to shmeÐo O, tìte

r(u) = x(u)i + y(u)j + z(u)k.

SÔmfwna me ton orismì autì, ta (x, y, z) eÐnai sunartăseic tou u. Kajÿc to
u metabĹlletai, to pèrac tou r diagrĹfei mia kampÔlh sto qÿro, h opoÐa èqei
parametrikèc exisÿseic

x = x(u), y = y(u), z = z(u).
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Tìte

∆r
∆u

=
r(u + ∆u) − r(u)

∆u

eÐnai èna diĹnusma sth dieÔjunsh tou ∆r (bl. Sqăma 1.9).

Sqăma 1.9: KampÔlh sto qÿro

EĹn to

lim
∆u→0

∆r
∆u

=
dr
du

upĹrqei, to ìrio autì ja eÐnai èna diĹnusma sth dieÔjunsh thc efaptomènhc thc
kampÔlhc tou qÿrou sto shmeÐo (x, y, z), to opoÐo dÐnetai apì th sqèsh

dr
du

=
dx

du
i +

dy

du
j +

dz

du
k.

EĹn to u eÐnai o qrìnoc t, dr/dt paristĹnei thn taqÔthta v me thn opoÐa to
pèrac tou r diagrĹfei thn kampÔlh. ’Omoia, h d2r/dt2 = dv/dt paristĹnei thn
epitĹqunsh a katĹ măkoc thc kampÔlhc.

1.3.3 Sunèqeia

Mia bajmwtă sunĹrthsh φ(u) kaleÐtai suneqăc sto u, eĹn

lim
∆u→0

φ(u + ∆u) = φ(u).

IsodÔnama, φ(u) eÐnai suneqăc sto u, eĹn gia kĹje jetikì arijmì ε upĹrqei
jetikìc arijmìc δ, tètoioc ÿste

|φ(u + ∆u) − φ(u)| < ε gia opoiodăpote |∆u| < δ.
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Mia dianusmatikă sunĹrthsh R(u) = R1(u)i+R2(u)j+R3(u)k eÐnai suneqăc
sto u, eĹn oi treic bajmwtèc sunartăseic R1(u), R2(u), R3(u) eÐnai suneqeÐc sto
u ă eĹn

lim
∆u→0

R(u + ∆u) = R(u)

ă isodÔnama eĹn

|R(u + ∆u) − R(u)| < ε gia opoiodăpote |∆u| < δ.

Mia bajmwtă ă dianusmatikă sunĹrthsh thc metablhtăc u eÐnai paragwgÐsimh
n forèc, eĹn upĹrqei h parĹgwgìc thc n bajmoÔ. Mia paragwgÐsimh sunĹrthsh
eÐnai aparaÐthta suneqăc, enÿ to antÐstrofo den isqÔei, dhl. mia suneqăc sunĹr-
thsh den eÐnai kat’ anĹgkhn paragwgÐsimh.

1.3.4 Kanìnec paragÿgishc

EĹn A,B,C eÐnai paragwgÐsimec dianusmatikèc sunartăseic thc metablhtăc u
kai φ eÐnai mia paragwgÐsimh bajmwtă sunĹrthsh thc u, tìte

1 .
d

du
(A + B) =

dA
du

+
dB
du

2 .
d

du
(A · B) = A · dB

du
+

dA
du

·B

3 .
d

du
(A × B) = A × dB

du
+

dA
du

× B

4 .
d

du
(φA) = φ

dA
du

+
dφ

du
A

5 .
d

du
(A · B× C) = A ·B× dC

du
+ A · dB

du
× C +

dA
du

·B × C

6 .
d

du
{A× (B × C)} = A ×

(
B × dC

du

)
+ A ×

(
dB
du

× C
)

+
dA
du

× (B × C)

1.3.5 Merikèc parĹgwgoi dianÔsmatoc

’Estw A diĹnusma to opoÐo exartĹtai apì perissìterec thc miac metablhtèc, p.q.
x, y, z, dhl. A = A(x, y, z). H merikă parĹgwgoc (partial derivative) tou A wc
proc x orÐzetai wc

∂A
∂x

= lim
∆x→0

A(x + ∆x, y, z) − A(x, y, z)
∆x

,

efìson to ìrio upĹrqei. ’Omoia

∂A
∂y

= lim
∆y→0

A(x, y + ∆y, z) − A(x, y, z)
∆y

,

∂A
∂z

= lim
∆z→0

A(x, y, z + ∆z) − A(x, y, z)
∆z
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eÐnai oi merikèc parĹgwgoi tou A wc proc y kai z antÐstoiqa, efìson ta antÐ-
stoiqa ìria upĹrqoun.

Oi parathrăseic sqetikĹ me th sunèqeia kai thn Ôparxh paragÿgou, oi opoÐec
isqÔoun gia sunartăseic miac metablhtăc, mporoÔn na epektajoÔn se sunartă-
seic dÔo ă perissotèrwn metablhtÿn. Wc parĹdeigma, h sunĹrthsh φ(x, y) eÐnai
suneqăc sto (x, y), eĹn

lim
∆x→0
∆y→0

φ(x + ∆x, y + ∆y) = φ(x, y)

ă eĹn gia kĹje jetikì arijmì ε upĹrqei jetikìc arijmìc δ, tètoioc ÿste

|φ(x + ∆x, y + ∆y) − φ(x, y)| < ε, gia opoiadăpote |∆x| < δ kai |∆y| < δ.

’Omoioi orismoÐ isqÔoun kai gia tic dianusmatikèc sunartăseic.
Mia sunĹrthsh dÔo ă perissotèrwn metablhtÿn eÐnai paragwgÐsimh, eĹn èqei

suneqeÐc prÿtec merikèc paragÿgouc.
Oi parĹgwgoi anÿterhc tĹxhc orÐzontai me to sunăjh trìpo. Wc parĹdeigma

∂2A
∂x2

=
∂

∂x

(
∂A
∂x

)
,

∂2A
∂y2

=
∂

∂y

(
∂A
∂y

)
,

∂2A
∂z2

=
∂

∂z

(
∂A
∂z

)
,

∂2A
∂x∂y

=
∂

∂x

(
∂A
∂y

)
,

∂2A
∂x∂z

=
∂

∂x

(
∂A
∂z

)
,

∂2A
∂y∂z

=
∂

∂y

(
∂A
∂z

)
.

EĹn A èqei suneqeÐc merikèc paragÿgouc toulĹqisto deÔterhc tĹxhc, tìte

∂2A
∂x∂y

=
∂2A
∂y∂x

, dhl. h seirĹ thc paragÿgishc den èqei shmasÐa.

Oi kanìnec gia th merikă paragÿgish twn dianusmĹtwn eÐnai ìmoioi me ekeÐnouc
twn bajmwtÿn megejÿn. Wc parĹdeigma, an A kai B eÐnai sunartăseic twn x, y, z,
tìte

1 .
∂

∂x
(A ·B) = A · ∂B

∂x
+

∂A
∂x

· B

2 .
∂

∂x
(A × B) = A× ∂B

∂x
+

∂A
∂x

× B

3 .
∂2

∂y∂x
(A ·B) =

∂

∂y

{
∂

∂x
(A ·B)

}
=

∂

∂y

{
A · ∂B

∂x
+

∂A
∂x

· B
}

= A · ∂2B
∂y∂x

+
∂A
∂y

· ∂B
∂x

+
∂A
∂x

· ∂B
∂y

+
∂2A
∂y∂x

·B.

k.lp.

1.3.6 DiaforikĹ dianÔsmatoc

Gia th diafìrish dianÔsmatoc akoloujoÔntai kanìnec ìmoioi me ekeÐnouc tou dia-
forikoÔ logismoÔ, ìpwc faÐnetai sta akìlouja paradeÐgmata

1 . EĹn A = A1i + A2j + A3k, tìte dA = dA1i + dA2j + dA3k
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2 . d(A ·B) = A · dB + dA ·B
3 . d(A × B) = A× dB + dA × B

4 . EĹn A = A(x, y, z), tìte dA =
∂A
∂x

dx +
∂A
∂y

dy +
∂A
∂z

dz

k.lp.

1.3.7 Diaforikă GewmetrÐa

H diaforikă gewmetrÐa meletĹ kampÔlec tou qÿrou kai epifĹneiec. EĹn C eÐnai
mia kampÔlh tou qÿrou, h opoÐa orÐzetai apì th sunĹrthsh r(u), tìte, ìpwc ădh
èqei anaferjeÐ, dr/du eÐnai èna diĹnusma parĹllhlo proc thn efaptomènh thc C
sto u. EĹn sth jèsh tou bajmwtoÔ megèjouc u jewrhjeÐ to măkoc s metroÔmeno
apì èna stajerì shmeÐo thc kampÔlhc C, tìte dr/ds eÐnai èna monadiaÐo diĹnusma
efaptìmeno sth C kai sumbolÐzetai me T (bl. Sqăma 1.10). H taqÔthta metabo-
lăc tou T se sqèsh me to s eÐnai èna mètro thc kampulìthtac thc C kai dÐnetai
apì thn dT/ds. H dieÔjunsh tou dianÔsmatoc dT/ds se kĹje shmeÐo thc C eÐnai
kĹjeth sthn kampÔlh sto shmeÐo autì. EĹn N eÐnai èna monadiaÐo diĹnusma sth
dieÔjunsh aută, to diĹnusma autì kaleÐtai prÿth kĹjetoc (principal normal) thc
kampÔlhc. Tìte dT/ds = κN. To mègejoc κ kaleÐtai kampulìthta (curvature)
thc C sto sugkekrimèno shmeÐo kai to antÐstrofì tou ρ = 1/κ kaleÐtai aktÐna
kampulìthtac (radius of curvature).

Sqăma 1.10: Diaforikă gewmetrÐa

’Ena diĹnusma B kĹjeto sto epÐpedo twn T kai N tètoio ÿste B = T ×
N, kaleÐtai deutèra kĹjetoc (binormal) thc kampÔlhc. Oi dieujÔnseic T,N,B
sqhmatÐzoun èna topikì dexiìstrofo trisorjogÿnio sÔsthma anaforĹc se kĹje
shmeÐo thc kampÔlhc C, to opoÐo kaleÐtai trÐedro (trihedral). Kajÿc to măkoc
s metabĹlletai, to sÔsthma suntetagmènwn kineÐtai katĹ măkoc thc kampÔlhc
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kai gia to lìgo autì eÐnai gnwstì wc sunodeÔon ă kinoÔmeno trÐedro (moving
trihedral).

Oi akìloujec sqèseic oi opoÐec perièqoun paragÿgouc twn basikÿn dianu-
smĹtwn T,N kai B eÐnai gnwstèc wc tÔpoi twn Frenet-Serret:

dT
ds

= κN,
dN
ds

= τB − κT,
dB
ds

= −τN,

ìpou τ eÐnai èna bajmwtì mègejoc kaloÔmeno strèyh (torsion), enÿ to antÐstro-
fo mègejoc σ = 1/τ kaleÐtai aktÐna strèyhc (radius of torsion).

QarakthristikĹ epÐpeda thc kampÔlhc sto tuqìn shmeÐo P eÐnai to eggÔta-
to epÐpedo (osculating plane), to opoÐo perièqei thn efaptomènh kai thn prÿth
kĹjeto sto P , tì kĹjeto epÐpedo (normal plane), to opoÐo eÐnai kĹjeto sthn
efaptomènh thc kampÔlhc sto P kai to eujeiopoioÔn epÐpedo (rectifying plane),
to opoÐo eÐnai kĹjeto sthn prÿth kĹjeto thc kampÔlhc sto P .

H diaforikă gewmetrÐa brÐskei efarmogă sthn Kinhmatikă kai sth Dunamikă,
pou eÐnai klĹdoi thc Mhqanikăc. H kinhmatikă asqoleÐtai me thn kÐnhsh mazÿn
katĹ măkoc kampÔlwn kai h dunamikă me th melèth twn dunĹmewn oi opoÐec ener-
goÔn stic kinoÔmenec mĹzec. Jemeliÿdhc nìmoc thc dunamikăc eÐnai o nìmoc tou
Newton

F =
d

dt
(mv),

ìpou F h dÔnamh, h opoÐa energeÐ sth mĹza m, h opoÐa kineÐtai me taqÔthta v.
To ginìmeno mv eÐnai h ormă tou sÿmatoc. EĹn h mĹza eÐnai stajeră, o nìmoc
tou Newton paÐrnei th morfă

F = m
dv
dt

= ma,

ìpou a h epitĹqunsh tou sÿmatoc.
Me th morfă aută, o nìmoc tou Newton apoteleÐ th bĹsh gia th melèth tou

pedÐou barÔthtac.

1.4 KlÐsh, Apìklish kai Peristrofă

1.4.1 O telestăc ∇
O dianusmatikìc diaforikìc telestăc anĹdelta (nabla)1 sumbolÐzetai ∇ kai orÐ-
zetai wc akoloÔjwc

∇ ≡ ∂

∂x
i +

∂

∂y
j +

∂

∂z
k ≡ i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z
. (1.9)

1O ìroc nabla ofeÐletai sth fantastikă omoiìthta tou sumbìlou me thn Ĺrpa twn AssurÐwn.
O ellhnikìc ìroc anĹdelta ofeÐletai sthn omoiìthta tou sumbìlou me anestrammèno kefalaÐo
dèlta. PolloÐ suggrafeÐc, ìpwc p.q. o Föppl sto èrgo tou Einführung in die Maxwell’sche
Theorie der Electricität, apofeÔgoun th qrhsimopoÐhsh opoioudăpote ìrou kai anafèrontai
aplĹ ston telestă ∇.
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O telestăc autìc èqei idiìthtec anĹlogec me ekeÐnec twn dianusmĹtwn.
Sth sunèqeia orÐzontai treic posìthtec oi opoÐec emfanÐzontai stic praktikèc

efarmogèc kai eÐnai gnwstèc wc klÐsh, apìklish kai peristrofă.

1.4.2 H klÐsh

’Estw ìti h sunĹrthsh φ(x, y, z) eÐnai orismènh kai paragwgÐsimh se kĹje shmeÐo
(x, y, z) miac perioqăc tou qÿrou (dhl. h φ orÐzei èna paragwgÐsimo bajmwtì
pedÐo). Tìte h klÐsh (gradient) thc φ, h opoÐa sumbolÐzetai∇φ ă gradφ, orÐzetai
apì th sqèsh

∇φ =
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)

φ =
∂φ

∂x
i +

∂φ

∂y
j +

∂φ

∂z
k. (1.10)

H klÐsh ∇φ thc φ orÐzei èna dianusmatikì pedÐo. H sunistÿsa thc ∇φ katĹ
th dieÔjunsh tou monadiaÐou dianÔsmatoc a kaleÐtai h parĹgwgoc thc φ katĹ
kateÔjunsh a (directional derivative) kai paristĹnei to mètro thc metabolăc thc
φ sto shmeÐo (x, y, z) katĹ th dieÔjunsh tou a.

H klÐsh ∇φ ìpwc orÐzetai sthn (1.10) faÐnetai ìti exartĹtai apì thn eklogă
twn axìnwn. Sth sunèqeia ja apodeiqteÐ ìti to diĹnusma ∇φ, ìpou h bajmwtă
sunĹrthsh φ(x, y, x), eÐnai anexĹrthth apì strofèc twn axìnwn tou sustămatoc
anaforĹc, paramènei ametĹblhto, an to sÔsthma anaforĹc peristrafeÐ se sqèsh
me thn arqă tou2 (rotation invariance).

’Estw ìti ta trisorjogÿnia sustămata suntetagmènwn (xyz) kai (x′y′z′) è-
qoun koină arqă O kai to èna sÔsthma èqei peristrafeÐ gÔrw apì to O se sqèsh
me to Ĺllo, dhl. oi Ĺxonec tou enìc sustămatoc sqhmatÐzoun gwnÐec se sqèsh me
touc Ĺxonec tou Ĺllou sustămatoc. ’Ena shmeÐo P èqei suntetagmènec (x, y, z)
se sqèsh me to prÿto sÔsthma kai (x′, y′, z′) se sqèsh me to deÔtero sÔsthma
(Sqăma 1.11). Mia bajmwtă sunĹrthsh φ(x, y, z), ìpwc p.q. h jermokrasÐa sto
shmeÐo P (x, y, z), eÐnai anexĹrthth apì to sÔsthma twn suntetagmènwn, me thn
ènnoia ìti an φ′(x′, y′, z′) eÐnai h jermokrasÐa sto P me suntetagmènec (x′, y′, z′),
tìte φ(x, y, z) = φ′(x′, y′, z′).

An sto sÔsthma xyz h klÐsh thc φ eÐnai

∇φ ≡ ∂φ

∂x
i +

∂φ

∂y
j +

∂φ

∂z
k

kai sto sÔsthma x′y′z′ eÐnai

∇′φ′ ≡ ∂φ′

∂x′ i
′ +

∂φ′

∂y′ j
′ +

∂φ′

∂z′
k′,

ja deiqteÐ ìti ∇φ = ∇′φ′.

2 ’Enac tètoioc metasqhmatismìc kaleÐtai orjogÿnioc metasqhmatismìc (orthogonal tran-
sformation) se antidiastolă me thn perÐptwsh katĹ thn opoÐa ektìc apì th strofă sumbaÐnei
kai metatìpish thc arqăc tou enìc sustămatoc se sqèsh me to Ĺllo, opìte o metasqhmatismìc
kaleÐtai affinikìc metasqhmatismìc (affine transformation).
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Sqăma 1.11: Metasqhmatismìc suntetagmènwn

Apìdeixh
Gia thn apìdeixh eÐnai aparaÐthto na brejoÔn oi tÔpoi metasqhmatismoÔ apì

to sÔsthma xyz sto sÔsthma x′y′z′.
Gia kĹje diĹnusma A = A1i′ + A2j′ + A3k′ isqÔei

A · i′ = A1i′ · i′ + A2j′ · i′ + A3k′ · i′ = A1

A · j′ = A1i′ · j′ + A2j′ · j′ + A3k′ · j′ = A2

A · k′ = A1i′ · k′ + A2j′ · k′ + A3k′ · k′ = A3,

dhl.

A = (A · i′)i′ + (A · j′)j′ + (A · k′)k′.

Jètontac sth jèsh tou A diadoqikĹ ta i, j,k prokÔptoun oi sqèseic

i = (i · i′)i′ + (i · j′)j′ + (i · k′)k′ = l11i′ + l21j′ + l31k′

j = (j · i′)i′ + (j · j′)j′ + (j · k′)k′ = l12i′ + l22j′ + l32k′

k = (k · i′)i′ + (k · j′)j′ + (k · k′)k′ = l13i′ + l23j′ + l33k′,

ìpou lij , i, j = 1, 2, 3, ta sunhmÐtona kateÔjunshc twn axìnwn x′, y′, z′ se sqèsh
me touc Ĺxonec x, y, z, dhl. l11 = cos(i′, i) k.lp.

Efìson ta dÔo sustămata èqoun koină arqă, ta dianÔsmata jèshc r kai r′

tou tuqìntoc shmeÐou P wc proc ta dÔo sustămata anaforĹc ja eÐnai Ðsa, dhl.
r = r′ ă

x′i′ + y′j′ + z′k′ = xi + yj + zk.

Antikajistÿntac sth sqèsh aută ta i, j,k apì tic prohgoÔmenec sqèseic kai
exisÿnontac touc suntelestèc twn i′, j′,k′ prokÔptoun oi tÔpoi metasqhmatismoÔ
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apì to sÔsthma xyz sto x′y′z′

x′ = l11x + l12y + l13z

y′ = l21x + l22y + l23z

z′ = l31x + l32y + l33z.

Me efarmogă tou kanìna paragÿgishc sÔnjetwn sunartăsewn prokÔptei

∂φ

∂x
=

∂φ′

∂x′
∂x′

∂x
+

∂φ′

∂y′
∂y′

∂x
+

∂φ′

∂z′
∂z′

∂x
=

∂φ′

∂x′ l11 +
∂φ′

∂y′ l21 +
∂φ′

∂z′
l31

∂φ

∂y
=

∂φ′

∂x′
∂x′

∂y
+

∂φ′

∂y′
∂y′

∂y
+

∂φ′

∂z′
∂z′

∂y
=

∂φ′

∂x′ l12 +
∂φ′

∂y′ l22 +
∂φ′

∂z′
l32

∂φ

∂z
=

∂φ′

∂x′
∂x′

∂z
+

∂φ′

∂y′
∂y′

∂z
+

∂φ′

∂z′
∂z′

∂z
=

∂φ′

∂x′ l13 +
∂φ′

∂y′ l23 +
∂φ′

∂z′
l33.

PollaplasiĹzontac tic parapĹnw sqèseic epÐ i, j,k antÐstoiqa, prosjètontac
katĹ mèlh kai lambĹnontac upìyh ìti

i′ = (i′ · i)i + (i′ · j)j + (i′ · k)k = l11i + l12j + l13k
j′ = (j′ · i)i + (j′ · j)j + (j′ · k)k = l21i + l22j + l23k

k′ = (k′ · i)i + (k′ · j)j + (k′ · k)k = l31i + l32j + l33k,

prokÔptei ìti ∇φ = ∇′φ′.

1.4.3 H apìklish

’Estw V(x, y, z) = V1i+V2j+V3k eÐnai orismèno kai paragwgÐsimo se kĹje shmeÐo
(x, y, z) miac perioqăc tou qÿrou (dhl. V orÐzei èna paragwgÐsimo dianusmatikì
pedÐo). H apìklish (divergence) tou V sumbolÐzetai wc ∇·V ă divV kai orÐzetai
wc exăc

∇ · V =
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)
· (V1i + V2j + V3k) =

∂V1

∂x
+

∂V2

∂y
+

∂V3

∂z
. (1.11)

1.4.4 H peristrofă

EĹn V(x, y, z) eÐnai èna paragwgÐsimo dianusmatikì pedÐo, tìte h peristrofă
(curl ă rotation) tou V sumbolÐzetai ∇× V kai orÐzetai apì th sqèsh

∇× V =
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)
× (V1i + V2j + V3k)

=

∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z
V1 V2 V3

∣∣∣∣∣∣
=

∣∣∣∣ ∂/∂y ∂/∂z
V2 V3

∣∣∣∣ i −
∣∣∣∣ ∂/∂x ∂/∂z

V1 V3

∣∣∣∣ j +
∣∣∣∣ ∂/∂x ∂/∂y

V1 V2

∣∣∣∣k
=

(
∂V3

∂y
− ∂V2

∂z

)
i +
(

∂V1

∂z
− ∂V3

∂x

)
j +
(

∂V2

∂x
− ∂V1

∂y

)
k. (1.12)
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Shmeiÿnetai ìti sthn anĹptuxh twn orizousÿn oi telestèc ∂/∂x, ∂/∂y, ∂/∂z prè-
pei na prohgoÔntai twn sunistwsÿn V1, V2, V3.

H fusikă shmasÐa thc peristrofăc enìc dianÔsmatoc faÐnetai wc exăc: ’Estw
ìti v eÐnai to dianusmatikì pedÐo taqutătwn enìc reustoÔ anaferìmeno sto tri-
sorjogÿnio sÔsthma suntetagmènwn x, y, z kai ìti sto shmeÐo P (x, y, z) oi su-
nistÿsec thc v katĹ tic dieujÔnseic twn axìnwn Ox,Oy,Oz eÐnai v1, v2, v3 antÐ-
stoiqa (Sqăma 1.12).

Sqăma 1.12: H fusikă shmasÐa thc peristrofăc

H sunistÿsa v′2 thc taqÔthtac v sto shmeÐo P ′(x, y, z + dz) ja eÐnai katĹ
prosèggish

v′2 = v2 +
∂v2

∂z
dz.

’Ara upĹrqei diaforĹ taqutătwn thc sunistÿsac thc v katĹ th dieÔjunsh
tou Ĺxona Oy sta shmeÐa P (x, y, z) kai P ′(x, y, z + dz) Ðsh proc(

v2 +
∂v2

∂z
dz

)
− v2 =

∂v2

∂z
dz,

h opoÐa teÐnei na peristrèyei to reustì gÔrw apì ton Ĺxona Ox katĹ forĹ antÐ-
jeth twn deiktÿn tou rologioÔ, dhl. arnhtikă. Wc mètro taqÔthtac peristrofăc
tou reustoÔ jewreÐtai to mègejoc −∂v2/∂z. ’Omwc kai h sunistÿsa v3 thc
taqÔthtac v katĹ th dieÔjunsh tou Ĺxona Oz eÐnai dunatìn na prokalèsei peri-
strofă tou reustoÔ katĹ ton Ĺxona Ox. PrĹgmati, h sunistÿsa thc taqÔthtac
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sto shmeÐo P ′′(x, y + dy, z) eÐnai Ðsh proc

v′3 = v3 +
∂v3

∂y
dy.

’Ara upĹrqei diaforĹ taqutătwn sta shmeÐa P (x, y, z) kai P ′′(x, y + dy, z),
Ðsh proc

v3 +
∂v3

∂y
dy − v3 =

∂v3

∂y
dy

me mètro taqÔthtac peristrofăc to mègejoc ∂v3/∂y kai h opoÐa teÐnei na pe-
ristrèyei to reustì gÔrw apì ton Ĺxona Ox katĹ th forĹ twn deiktÿn tou
rologioÔ, dhl. katĹ th jetikă forĹ.

Profanÿc h sunistÿsa v1 thc taqÔthtac v katĹ th dieÔjunsh Ox den eÐnai
dunatì na peristrèyei to reustì gÔrw apì ton Ĺxona Ox, Ĺra h olikă peristrofă
tou reustoÔ gÔrw apì ton Ĺxona Ox metrĹtai apì thn posìthta

∂v3

∂y
− ∂v2

∂z
,

h opoÐa eÐnai h sunistÿsa thc peristrofăc ∇× v katĹ th dieÔjunsh tou Ĺxona
Ox. EĹn h sunistÿsa aută eÐnai Ðsh me mhdèn, tìte to reustì den peristrèfe-
tai (strobilÐzetai) gÔrw apì ton Ĺxona Ox sto shmeÐo P . Me ton Ðdio trìpo
upologÐzontai kai oi Ĺllec sunistÿsec tou dianÔsmatoc ∇× v.

Epomènwc, to diĹnusma ∇× v paristĹnei to bajmì strobilismoÔ tou v. EĹn
∇ × v = 0, tìte den parathreÐtai strobilismìc, dhl. èna stoiqeiÿdec mèroc
tou reustoÔ den èqei gwniakă taqÔthta parĹ mìno metaforikă. To pedÐo tìte
kaleÐtai astrìbilo (non-vortical), enÿ sthn antÐjeth perÐptwsh kaleÐtai strobilì
(vortical) (bl. kai § 4.1.3).

1.4.5 TÔpoi pou perièqoun ton telestă ∇
EĹn A kai B eÐnai paragwgÐsimec dianusmatikèc sunartăseic kai φ kai ψ para-
gwgÐsimec bajmwtèc sunartăseic thc jèshc (x, y, z), tìte

1 . ∇(φ + ψ) = ∇φ + ∇ψ ă grad(φ + ψ) = gradφ + gradψ
2 . ∇ · (A + B) = ∇ · A + ∇ ·B ă div(A + B) = divA + divB
3 . ∇× (A + B) = ∇× A + ∇× B ă curl(A + B) = curlA + curlB
4 . ∇ · (φA) = (∇φ) · A + φ(∇ ·A)
5 . ∇× (φA) = (∇φ) × A + φ(∇× A)
6 . ∇ · (A × B) = B · (∇× A) − A · (∇× B)
7 . ∇× (A × B) = (B · ∇)A − B(∇ · A) − (A · ∇)B + A(∇ ·B)
8 . ∇(A ·B) = (B · ∇)A + (A · ∇)B + B× (∇× A) + A × (∇× B)

9 . H ∇ · (∇φ) ≡ ∇2φ ≡ ∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
kaleÐtai Laplasiană

(Laplacian) thc φ kai o ∇2 ≡ ∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
kaleÐtai

telestăc tou Laplace (Laplacian operator)
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10 . ∇× (∇φ) = 0. H peristrofă thc klÐshc thc φ eÐnai mhdèn
11 . ∇ · (∇× A) = 0. H apìklish thc peristrofăc tou A eÐnai mhdèn
12 . ∇× (∇× A) = ∇(∇ · A) −∇2A

Stouc tÔpouc 9-12 oi sunartăseic φ kai A upotÐjetai ìti èqoun suneqeÐc merikèc
paragÿgouc deÔterhc tĹxhc.

AntÐ tou sumbolismoÔ ∇2 qrhsimopoieÐtai sunăjwc o sumbolismìc ∆ (Del).
Sunartăseic gia tic opoÐec isqÔei

∇2φ ≡ ∆φ ≡ ∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
≡ 0 (1.13)

kaloÔntai armonikèc sunartăseic (harmonic functions).

1.4.6 LaplasianĹ dianusmatikĹ pedÐa

’Ena diĹnusma V to opoÐo eÐnai h klÐsh enìc bajmwtoÔ megèjouc φ kai tou opoÐou
h apìklish eÐnai Ðsh me mhdèn, dhl.

∇ ·V = ∇2φ = ∆φ = 0,

kaleÐtai Laplasianì dianusmatikì pedÐo (Laplacian vector field).
ParĹdeigma LaplasianoÔ dianusmatikoÔ pedÐou eÐnai to dianusmatikì pedÐo

−r/r3. PrĹgmati, ìpwc apodeiknÔetai sthn efarmogă (1) thc § 1.4.7, isqÔei

− r
r3

= ∇
(

1
r

)
,

dhl. to −r/r3 proèrqetai apì thn klÐsh enìc bajmwtoÔ megèjouc kai sÔmfwna
me thn efarmogă (4) thc § 1.4.7,

∇2

(
1
r

)
= ∆

(
1
r

)
= 0,

dhl. plhroÔtai kai h deÔterh sunjăkh.

1.4.7 Efarmogèc

1. Na deiqteÐ ìti

∇rn = nrn−2r.

∇rn = ∇
(√

x2 + y2 + z2
)n

= ∇ (x2 + y2 + z2
)n/2

= i
∂

∂x

[(
x2 + y2 + z2

)n/2
]

+ j
∂

∂y

[(
x2 + y2 + z2

)n/2
]

+k
∂

∂z

[(
x2 + y2 + z2

)n/2
]
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= i
[n

2
(
x2 + y2 + z2

)n/2−1
2x
]

+ j
[n

2
(
x2 + y2 + z2

)n/2−1
2y
]

+k
[n

2
(
x2 + y2 + z2

)n/2−1
2z
]

= n
(
x2 + y2 + z2

)n/2−1
(xi + yj + zk)

= n
(
r2
)n/2−1

r = nrn−2r

2. Na upologisteÐ h klÐsh thc bajmwtăc sunĹrthshc

φ(x, y, z) =
1
r

=
1√

x2 + y2 + z2
.

∇
(

1
r

)
= ∇

(
1√

x2 + y2 + z2

)
= i

∂

∂x

[(
x2 + y2 + z2

)−1/2
]

+ j
∂

∂y

[(
x2 + y2 + z2

)−1/2
]

+ k
∂

∂z

[(
x2 + y2 + z2

)−1/2
]

AllĹ

∂

∂x

[(
x2 + y2 + z2

)−1/2
]

= −1
2
(
x2 + y2 + z2

)−3/2
2x = − x

r3

∂

∂y

[(
x2 + y2 + z2

)−1/2
]

= −1
2
(
x2 + y2 + z2

)−3/2
2y = − y

r3

∂

∂z

[(
x2 + y2 + z2

)−1/2
]

= −1
2
(
x2 + y2 + z2

)−3/2
2z = − z

r3
,

opìte

∇
(

1
r

)
=

−xi − yj− zk
r3

= − r
r3

3. Na apodeiqteÐ ìti ∇ (φ + ψ) = ∇φ + ∇ψ.

∇ (φ + ψ) =
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)

(φ + ψ)

=
∂

∂x
(φ + ψ) i +

∂

∂y
(φ + ψ) j +

∂

∂z
(φ + ψ)k

=
∂φ

∂x
i +

∂ψ

∂x
i +

∂φ

∂y
j +

∂ψ

∂y
j +

∂φ

∂z
k +

∂ψ

∂z
k

=
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)

φ +
(

∂

∂x
i +

∂

∂y
j +

∂

∂z
k
)

ψ

= ∇φ + ∇ψ
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4. Na deiqteÐ ìti

∇ · r
r3

= 0.

SÔmfwna me ton tÔpo 4 thc § 1.4.5 gia φ = r−3 kai A = r prokÔptei

∇ · (r−3r
)

=
(∇r−3

) · r +
(
r−3
)∇ · r = −3r−5r · r + 3r−3 = 0,

epeidă sÔmfwna me thn efarmogă 1 eÐnai ∇r−3 = −3r−5r.

5. Na deiqteÐ ìti to diĹnusma ∇φ eÐnai kĹjeto sthn epifĹneia φ(x, y, z) = c,
ìpou c mÐa stajerĹ.

’Estw r = xi + yj + zk to diĹnusma jèshc tou tuqìntoc shmeÐou P (x, y, z)
thc epifaneÐac φ(x, y, z) = c. Tìte to diĹnusma dr = dxi + dyj + dzk keÐtai sto
efaptìmeno epÐpedo thc epifĹneiac φ, sto shmeÐo P (bl. Sqăma 1.13).

Sqăma 1.13: To diĹnusma ∇φ

AllĹ

dφ =
∂φ

∂x
dx +

∂φ

∂y
dy +

∂φ

∂z
dz = 0 ă(

∂φ

∂x
i +

∂φ

∂y
j +

∂φ

∂z
k
)
· (dxi + dyj + dzk) = 0,

dhl. ∇φ · dr = 0, opìte to ∇φ eÐnai kĹjeto sto dr, Ĺra kĹjeto sthn epifĹneia
φ(x, y, z) = c.
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6. Na deiqteÐ ìti h bajmwtă sunĹrthsh

1
r

=
1√

x2 + y2 + z2

plhroÐ thn exÐswsh tou Laplace

∆
(

1
r

)
= ∇2

(
1
r

)
=

∂2

∂x2

(
1
r

)
+

∂2

∂y2

(
1
r

)
+

∂2

∂z2

(
1
r

)
.

AllĹ apì thn efarmogă (1)

∂

∂x

(
1
r

)
= − x

r3

∂

∂y

(
1
r

)
= − y

r3

∂

∂z

(
1
r

)
= − z

r3

kai me nèa paragÿgish

∂2

∂x2

(
1
r

)
=

∂

∂x

(
− x

r3

)
=

∂

∂x

[
−x
(
x2 + y2 + z2

)−3/2
]

= (−x)
(
−3

2

)(
x2 + y2 + z2

)−5/2
2x − (x2 + y2 + z2

)−3/2

=
3x2 − r2

r5
.

Me ìmoio trìpo prokÔptoun kai oi parĹgwgoi deÔterhc tĹxhc wc proc y kai
z

∂2

∂y2

(
1
r

)
=

3y2 − r2

r5
,

∂2

∂z2

(
1
r

)
=

3z2 − r2

r5
.

Prosjètontac katĹ mèlh tic merikèc paragÿgouc deÔterhc tĹxhc wc proc
x, y, z prokÔptei

∆
(

1
r

)
=

3x2 − r2 + 3y2 − r2 + 3z2 − r2

r5
= 0.

7. Na deiqteÐ ìti an h taqÔthta enìc reustoÔ se kĹje shmeÐo (x, y, z) eÐnai v,
tìte to reustì pou diarrèei anĹ monĹda qrìnou kai ìgkou èna parallhlepÐpedo
me gewmetrikì kèntro sto shmeÐo P (x, y, z) kai akmèc ∆x, ∆y, ∆z, parĹllhlec
stouc Ĺxonec x, y, z antÐstoiqa, eÐnai Ðso me ∇ · v.

’Estw v1 h sunistÿsa thc taqÔthtac v katĹ th dieÔjunsh tou Ĺxona Ox sto
P (x, y, z) (Sqăma 1.14). H sunistÿsa thc v sto kèntro twn edrÿn DCGH kai
ABFE upologÐzetai wc exăc: H parĹllhlh proc ton Ĺxona Ox apì to shmeÐo P
tèmnei tic èdrec DCGH kai ABFE tou parallhlepipèdou kĹjeta sto gewmetrikì
touc kèntro, dhl. sta shmeÐa (x − dx/2, y, z) kai (x + dx/2, y, z) antÐstoiqa. H
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sunistÿsa thc taqÔthtac tou ugroÔ katĹ th dieÔjunsh tou Ĺxona Ox sto kèntro
twn edrÿn DCGH kai ABFE ja eÐnai tìte

v1(x − dx

2
, y, z) kai v1(x +

dx

2
, y, z) antÐstoiqa.

AnaptÔssontac se seirĹ Taylor kai kratÿntac mìnon touc ìrouc prÿthc
tĹxhc, h sunistÿsa thc v katĹ th dieÔjunsh tou Ĺxona Ox sto kèntro twn
edrÿn DCGH kai ABFE ja eÐnai katĹ prosèggish

v1 − ∂v1

∂x

∆x

2
kai v1 +

∂v1

∂x

∆x

2
antÐstoiqa.

Sqăma 1.14: Stoiqeiÿdhc ìgkoc ∆x∆y∆z

Tìte o ìgkoc tou reustoÔ pou eisèrqetai sto parallhlepÐpedo apì thn èdra
DCGH anĹ monĹda qrìnou ja eÐnai katĹ prosèggish Ðsoc proc(

v1 − 1
2

∂v1

∂x
∆x

)
∆y∆z

kai ekeÐnoc pou exèrqetai apì thn èdra ABFE anĹ monĹda qrìnou ja eÐnai katĹ
prosèggish Ðsoc proc (

v1 +
1
2

∂v1

∂x
∆x

)
∆y∆z,

opìte h sunolikă roă, dhl. o sunolikìc ìgkoc proc ta èxw tou reustoÔ katĹ th
dieÔjunsh Ox wc diaforĹ twn dÔo autÿn ìgkwn ja eÐnai Ðsoc proc

∂v1

∂x
∆x∆y∆z.
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’Omoia, katĹ tic dieujÔnseic Oy kai Oz o sunolikìc ìgkoc ja eÐnai

∂v1

∂y
∆x∆y∆z kai

∂v1

∂z
∆x∆y∆z,

antÐstoiqa. Tìte o sunolikìc ìgkoc tou reustou anĹ monĹda qrìnou kai ìgkou
pou diarrèei to parallhlepÐpedo proc ta èxw ja eÐnai Ðsoc proc[(

∂v1

∂x
+

∂v2

∂y
+

∂v3

∂z

)
∆x∆y∆z

]
/ (∆x∆y∆z) = ∇ · v.

H prìtash isqÔei akribÿc ìtan to parallhlìgrammo ekfulÐzetai sto shmeÐo
P , dhl. oi diastĹseic twn akmÿn tou parallhlepipèdou ∆x, ∆y, ∆z teÐnoun sto
mhdèn.

EĹn sto P sumbaÐnei ∇·v > 0 ă ∇·v < 0, tìte sto P upĹrqei phgă (source)
ă arnhtikă phgă (sink) antÐstoiqa. EĹn to reustì jewrhjeÐ asumpÐesto, tìte
h sunolikă posìthta reustoÔ pou eisèrqetai sto parallhlepÐpedo eÐnai Ðsh me
ekeÐnh pou exèrqetai kai epeidă to reustì den parĹgetai oÔte katastrèfetai se
kĹje shmeÐo, den upĹrqei phgă ă arnhtikă phgă sto P , dhl. ∇ · v = 0. H
exÐswsh aută kaleÐtai exÐswsh sunèqeiac (continuity equation) gia asumpÐesto
reustì kai to dianusmatikì pedÐo sthn perÐptwsh aută kaleÐtai swlhnoeidèc pedÐo
(solenoid field).

1.5 Oloklhrwmatikìc dianusmatikìc logismìc

1.5.1 Oloklhrÿmata dianÔsmatoc

’Estw R(u) = R1(u)i + R2(u)j + R3(u)k diĹnusma, to opoÐo exartĹtai apì th
metablhtă u kai R1(u), R2(u), R3(u) eÐnai suneqeÐc sunartăseic se èna orismèno
diĹsthma. Tìte∫

R(u)du = i
∫

R1(u)du + j
∫

R2(u)du + k
∫

R3(u)du

kaleÐtai aìristo oloklărwma tou R(u). EĹn upĹrqei diĹnusma S(u) tètoio ÿste

R(u) =
d

du
(S(u)) ,

tìte ∫
R(u)du =

∫
d

du
(S(u)) du = S(u) + c,

ìpou c aujaÐreto stajerì diĹnusma, anexĹrthto tou u. To antÐstoiqo orismèno
oloklărwma metaxÔ twn orÐwn u = a kai u = b grĹfetai me anĹlogo trìpo

∫ b

a

R(u)du =
∫ b

a

d

du
(S(u)) du = S(u) + c|ba = S(b) − S(a).
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1.5.2 GrammikĹ oloklhrÿmata

’Estw r(u) = x(u)i + y(u)j + z(u)k to diĹnusma jèshc tou shmeÐou (x, y, z) thc
kampÔlhc C, h opoÐa enÿnei ta shmeÐa P1 kai P2, ìpou u = u1 kai u = u2

antÐstoiqa. UpotÐjetai ìti h C apoteleÐtai apì peperasmèno arijmì kampÔlwn
gia kĹje mÐa apì tic opoÐec to diĹnusma jèshc r(u) èqei suneqă parĹgwgo. ’Estw
A(x, y, z) = A1i + A2j + A3k mÐa dianusmatikă sunĹrthsh jèshc, orismènh kai
suneqăc katĹ măkoc thc kampÔlhc C. Tìte to oloklărwma thc efaptomenikăc
sunistÿsac tou A katĹ măkoc thc C apì to P1 èwc to P2 dÐnetai apì thn

∫ P2

P1

A · dr =
∫

C

A · dr =
∫

C

A1dx + A2dy + A3dz,

h opoÐa eÐnai èna parĹdeigma grammikoÔ oloklhrÿmatoc. EĹn h dianusmatikă
sunĹrthsh A paristĹnei th dÔnamh F h opoÐa askeÐtai se èna swmatÐdio kinoÔmeno
katĹ măkoc thc C, to grammikì oloklărwma paristĹnei to èrgo pou parĹgetai
apì thn F . EĹn upotejeÐ ìti h C eÐnai mÐa aplă kleistă kampÔlh, dhl. mia kleistă
kampÔlh, h opoÐa den èqei kanèna shmeÐo tomăc me ton eautì thc, to oloklărwma
gÔrw apì th C paristĹnetai wc∮

A · dr =
∮

A1dx + A2dy + A3dz.

GenikĹ, kĹje oloklărwma katĹ măkoc kampÔlhc kaleÐtai grammikì oloklărwma.
Sthn aerodunamikă kai sth mhqanikă twn reustÿn èna tètoio oloklărwma ka-

leÐtai kukloforÐa (circulation) tou A gÔrw apì th C kai paristĹnei thn taqÔthta
enìc reustoÔ.

To jeÿrhma pou akoloujeÐ eÐnai shmantikì.

Jeÿrhma 1 EĹn se opoiadăpote perioqă R tou qÿrou orismènh apì tic sqèseic
a1 ≤ x ≤ a2, b1 ≤ y ≤ b2, c1 ≤ z ≤ c2 isqÔei A = ∇φ, ìpou φ(x, y, z)
bajmwtă sunĹrthsh monìtima orismènh h opoÐa èqei suneqeÐc paragÿgouc sthn
R, tìte

1 .

∫ P2

P1

A · dr eÐnai anexĹrthto tou drìmou pou enÿnei ta shmeÐa P1 kai P2

2 .

∮
C

A · dr = 0 katĹ măkoc kĹje kleistăc kampÔlhc C tou R.

Sthn perÐptwsh aută to A kaleÐtai sunthrhtikì dianusmatikì pedÐo (con-
servative vector field) kai to φ eÐnai to (bajmwtì) dunamikì tou A, dhl. èna
dianusmatikì pedÐo A eÐnai sunthrhtikì, eĹn kai mìno eĹn ∇×A = 0 ă isodÔna-
ma A = ∇φ. Tìte to eswterikì ginìmeno A · dr = A1dx + A2dy + A3dz = dφ
eÐnai èna olikì ă tèleio diaforikì (exact differential).
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Apìdeixh thc 1

’Estw ìti oi suntetagmènec twn shmeÐwn P1 kai P2 eÐnai (x1, y1, z1) kai (x2, y2, z2)
antÐstoiqa. Tìte

P2∫
P1

A · dr =

P2∫
P1

∇φ · dr

=

P2∫
P1

(
∂φ

∂x
i +

∂φ

∂y
j +

∂φ

∂z
k
)
· (dxi + dyj + dzk)

=

P2∫
P1

∂φ

∂x
dx +

∂φ

∂y
dy +

∂φ

∂z
dz

=

P2∫
P1

dφ = φ(P2) − φ(P1) = φ(x2, y2, z2) − φ(x1, y1, z1),

dhl. h timă tou oloklhrÿmatoc exartĹtai mìnon apì tic suntetagmènec twn
shmeÐwn P1 kai P2, Ĺra eÐnai anexĹrthth apì to drìmo pou enÿnei ta shmeÐa
autĹ, me thn proôpìjesh ìti h sunĹrthsh φ eÐnai monìtima orismènh se ìla ta
shmeÐa tou pedÐou orismoÔ thc.

EĹn to A eÐnai èna pedÐo dunĹmewn, p.q. to pedÐo twn elktikÿn dunĹmewn pou
anaptÔssontai metaxÔ twn mazÿn, to oloklărwma

P2∫
P1

A · dr

paristĹnei to èrgo pou parĹgei h dÔnamh A gia na metakinăsei th monĹda thc
mĹzac apì to shmeÐo P1 sto shmeÐo P2.

Apìdeixh thc 2

’Estw ìti P1AP2BP1 eÐnai mia kleistă kampÔlh (bl. Sqăma 1.15).
Me thn proôpìjesh ìti isqÔei to skèloc (1) tou Jewrămatoc,

∮
A · dr =

∫
P1AP2BP1

A · dr =
∫

P1AP2

A · dr +
∫

P2BP1

A · dr

=
∫

P1AP2

A · dr −
∫

P1BP2

A · dr = 0.
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Sqăma 1.15: Kleistă kampÔlh P1AP2BP1

1.5.3 Efarmogèc

1. DÐnetai h epitĹqunsh enìc kinhtoÔ b(t) = ẍ(t)i + ÿ(t)j + z̈(t)k. ZhtoÔntai h
taqÔthta v(t) kai h jèsh r(t) tou kinhtoÔ gia tic arqikèc sunjăkec vt=◦ = v◦
kai rt=◦ = r◦.

H taqÔthta tou kinhtoÔ katĹ th qronikă stigmă t prokÔptei me oloklărwsh
thc b(t) = dv(t)/dt wc proc to qrìno

v =
∫

b(t)dt + c1,

ìpou c1 prosdiorÐzetai apì thn arqikă sunjăkh vt=◦ = v◦.
H jèsh tou kinhtoÔ katĹ th qronikă stigmă t prokÔptei me oloklărwsh thc

v(t) = dr(t)/dt wc proc to qrìno

r =
∫

v(t)dt + c2,

ìpou c2 prosdiorÐzetai apì thn arqikă sunjăkh rt=◦ = r◦.

2. ZhteÐtai na upologisteÐ to èrgo pou parĹgei h dÔnamh F = (2x− y + 3z2)i +
(x + y − 5z)j + (3x − 2y + 4z2)k, h opoÐa anagkĹzei swmatÐdio na ektelèsei
mia peristrofă katĹ măkoc kÔklou C tou epipèdou xy, me kèntro thn arqă tou
sustămatoc suntetagmènwn kai aktÐna 3 monĹdwn.

Sto epÐpedo xy h dÔnamh èqei exÐswsh F = (2x− y)i + (x + y)j + (3x− 2y)k,
epeidă z = 0. To èrgo thc upologÐzetai wc exăc∫

C

F · dr =
∫
C

[(2x− y)i + (x + y)j + (3x − 2y)k] · [dxi + dyj]

=
∫
C

(2x− y)dx + (x + y)dy.

Qrhsimopoiÿntac tic parametrikèc exisÿseic tou kÔklou x = 3 cos t, y =
3 sin t, 0 ≤ t ≤ 2π (bl. Sqăma 1.16) kai lambĹnontac upìyh ìti dx = −3 sin tdt,
dy = 3 cos tdt, to teleutaÐo oloklărwma gÐnetai
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Sqăma 1.16: ’Ergo dÔnamhc katĹ măkoc perifèreiac

2π∫
t=◦

(6 cos t − 3 sin t)(−3 sin t)dt + (3 cos t + 3 sin t) 3 cos tdt

=

2π∫
◦

(9 − 9 sin t cos t)dt = 9t − 9
2

sin2 t
∣∣∣2π

◦
= 18π.

Sthn prapĹnw lÔsh upotÐjetai ìti h kampÔlh C diagrĹfetai katĹ th jetikă fo-
rĹ, h opoÐa sumpÐptei me thn antÐjeth forĹ twn deiktÿn tou rologioÔ. EĹn h C
diagrĹfetai katĹ thn arnhtikă forĹ, to apotèlesma ja eÐnai −18π.

3. EĹn F eÐnai èna sunthrhtikì pedÐo, na deiqteÐ ìti curl F = ∇ × F = 0 kai
antistrìfwc, eĹn ∇× F = 0, to pedÐo F eÐnai sunthrhtikì.

Apìdeixh

’Estw F = F1i + F2j + F3k. Epeidă to F eÐnai sunthrhtikì pedÐo, to
∫
C

F · dr

eÐnai anexĹrthto tou drìmou C, o opoÐoc èstw enÿnei ta shmeÐa (x1, y1, z1) kai
(x, y, z). Tìte

φ(x, y, z) =
∫ (x,y,z)

(x1,y1,z1)

F · dr =
∫ (x,y,z)

(x1,y1,z1)

F1dx + F2dy + F3dz




