


Pr�logoc

To bibl�o aut� apotele� sun�qish thc prosp�jeiac met� ap� ta ��Stoiqe�a Baru-
thmetr�ac�� (1985), na parousiaste� mia kat� to dunat�n oloklhrwm�nh eik�na
tou antikeim�nou, t�so �son afor� ta �rgana kai th diadikas�a twn metr�sewn
thc bar�thtac, �so kai tic anagwg�c, thn axiol�ghsh kai th qrhsimopo�hsh
twn metr�sewn se gewdaitik�c, gewfusik�c, gewdunamik�c kai �llec efarmog�c,
apofe�gontac genik� tic exantlhtik�c leptom�reiec.

Apeuj�netai stouc foitht�c twn proptuqiak�n Tmhm�twn twn Agron�mwn
kai Topogr�fwn Mhqanik�n twn AEI, stouc metaptuqiako�c foitht�c oi opo�oi
eidike�ontai stic Gewepist�mec, kaj�c ep�shc se �louc touc foitht�c kai ptu-
qio�qouc Poluteqnik�n Sqol�n kai Sqol�n Jetik�n Episthm�n oi opo�oi en-
diaf�rontai gia to ped�o bar�thtac thc ghc.

H monograf�a aut� e�nai basism�nh se panepisthmiak�c parad�seic tou das-
k�lou mou sto Panepist�mio tou Annob�rou Kajhght�W. Torge, stic parad�seic
stouc foitht�c tou Tm�matoc Agron�mwn kai Topogr�fwn Mhqanik�n tou Ari-
stotele�ou Panepisthm�ou Jessalon�khc, sta pla�sia tou maj�matoc ��Baruth-
metr�a�� kai se ereunhtik� empeir�a pl�on twn e�kosi p�nte et�n enasq�lhshc me
antike�mena sqetik� me th bar�thta kai to geweid�c, �pwc aut� tekmhri�netai me
periss�terec ap� enen�nta sqetik�c dhmosie�seic se diejn� periodik� kai pra-
ktik� diejn�n sunedr�wn.

Sta pla�sia thc prosp�jeiac na antanakl�tai h s�gqronh pragmatik�thta,
d�netai idia�terh �mfash sthn perigraf� twn pl�on s�gqronwn org�nwn kai
mej�dwn pou qrhsimopoio�ntai gia th belt�wsh thc gn�shc tou ped�ou bar�thtac.
Poll� ap� ta parade�gmata ta opo�a anaf�rontai sto ped�o bar�thtac ston El-
ladik� � ton eur�tero q�ro apotelo�n adhmos�euto ulik�.

Aisj�nomai thn an�gkh na euqarist�sw jerm� thn kur�a I. Karr�nth gia
th sumbol� thc sth grammatik� kai suntaktik� arti�thta tou keim�nou kai ton
k�rio B. Andrits�no pou mou d�daxe to LATEX.

To bibl�o afier�netai sth mn�mh tou dask�lou mou Kajhght� Hans-Georg

Wenzel (1945-1999) pou �fuge t�so diakritik� ap� kont� mac, af�nontac �na
dusanapl�rwto ken� stic Gewepist�mec.

Jessalon�kh, M�rtioc 2000 D. Aramp�loc
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Kef�laio 1

Eisagwg�

1.1 Antike�meno thc baruthmetr�ac

H baruthmetr�a wc anex�rthtoc episthmonik�c kl�doc �rqise na anapt�ssetai
sta t�lh tou 19ou ai�na all� oi r�zec thc an�gontai stouc skapane�c thc klas-
sik�c mhqanik�c tou 16ou kai 18ou ai�na, Galileo Galilei (1564-1642) kai Sir
Isaac Newton (1642-1727). Epifane�c ereunht�c tou 18ou kai 19ou ai�na, �pwc
oi A.C. Clairaut, G.G. Stokes, H. Bruns, F.R. Helmert, asqol�jhkan me jeme-
lei�dh probl�mata thc baruthmetr�ac kai idia�tera me thn efarmog� thc jewr�ac
tou dunamiko� se probl�mata sqetik� me to sq�ma thc ghc kai thn katanom� thc
m�zac sto eswterik� thc. O �roc baruthmetr�a apotele� thn ellhnik� ap�dosh
tou aggliko� gravimetry (ap� to latinik� gravis = b�roc) kai to r�ma metr�, o
opo�oc kajier�jhke wc episthmonik�c �roc tou gnwstiko� antikeim�nou ton 20o
ai�na.

To antike�meno thc baruthmetr�ac, �pwc �qei diamorfwje� me thn ex�lixh
thc gnwstik�c perioq�c, ja mporo�se na perigrafe� wc o orism�c tou ped�ou
bar�thtac thc ghc kai �llwn ouran�wn swm�twn, sunart�sei thc j�shc kai
tou qr�nou, me metr�seic thc bar�thtac kai twn bajm�dwn thc bar�thtac sthn
epif�neia � sto q�ro, �xw ap� thn epif�neia twn swm�twn aut�n.

Ap� thn �poyh aut�, o �roc baruthmetr�a den e�nai ap�luta akrib�c kai
den antanakl� ta jewrhtik� kai praktik� probl�mata ta sqetik� me to ped�o
bar�thtac, ta opo�a - ekt�c ap� thn an�ptuxh twn org�nwn kai th mejodolog�a
twn metr�sewn thc bar�thtac - antimetwp�zei o episthmonik�c aut�c kl�doc.

Metax� �llwn problhm�twn, ta opo�a antimetwp�zei h s�gqronh baruth-
metr�a, e�nai h mel�th tou sq�matoc kai twn diast�sewn thc ghc. Oi metr�seic
thc bar�thtac e�nai h kuri�terh phg� gn�shc sqetik� me to (exwterik�) g�ino
ped�o bar�thtac, to opo�o e�nai to s�sthma anafor�c gia to megal�tero m�roc
twn metrhtik�n megej�n pou qrhsimopoio�ntai sth gewdais�a. Gia thn anagwg�
twn megej�n aut�n se sust�mata pou or�zontai me gewmetrik� tr�po, ja pr�pei
na e�nai gnwst� to ped�o thc g�inhc bar�thtac. An e�nai gnwst� h katanom�
thc bar�thtac sthn epif�neia thc ghc, t�te se sunduasm� kai me �llec gewdai-
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2 Eisagwg�

tik�c metr�seic, mpore� na orisje� h morf� thc epif�neiac aut�c. H epif�neia
anafor�c gia th m�trhsh twn uy�n -to geweid�c- e�nai mia isodunamik� epif�neia
tou ped�ou bar�thtac thc ghc.

H dhmiourg�a mont�lwn bar�thtac thc ghc kai h ermhne�a twn apokl�sewn
tou pragmatiko� ped�ou bar�thtac ap� ta jewrhtik� mont�la e�nai ep�shc an-
tike�meno thc s�gqronhc baruthmetr�ac. Epeid� oi apokl�seic aut�c �qoun sq�sh
me thn katanom� twn maz�n sto eswterik� thc ghc, ta apotel�smata thc mel�thc
tou ped�ou bar�thtac �qoun sq�sh me th dom� kai s�stash t�so ol�klhrhc
thc ghc (gewfusik�), �so kai thc an�terhc lij�sfairac. Me thn teleuta�a
per�ptwsh sund�etai h anaz�thsh phg�n en�rgeiac � orukt�n p�rwn, pou apo-
tele� antike�meno thc efarmosm�nhc gewfusik�c (gewfusik� diask�phsh).

Sth lij�sfaira parathre�tai tektonik� dr�sh, h opo�a sunep�getai meta-
bol�c sto sq�ma thc kai sto ped�o bar�thtac thc ghc kai th g�nesh katastre-
ptik�n fainom�nwn (isquro� seismo�). H diaqronik� parakolo�jhsh tou ped�ou
bar�thtac kai h katagraf� twn metabol�n thc bar�thtac, oi opo�ec ofe�lontai
se tektonik� a�tia, apotele� phg� plhrofor�ac sqetik� me thn ex�lixh t�toiwn
fainom�nwn. Ak�mh, metabol�c tektoniko� qarakt�ra faner�noun probl�mata
isorrop�ac thc lij�sfairac ta opo�a h baruthmetr�a prospaje� na ermhne�sei me
th jewr�a thc isostas�ac.

Metabol�c �mwc sto ped�o bar�thtac thc ghc ofe�lontai kai se �lla a�tia,
�pwc p.q. sthn ep�drash twn maz�n twn ouran�wn swm�twn, h opo�a proka-
le� periodik�c metabol�c tou ped�ou bar�thtac kai param�rfwsh tou sq�matoc
thc lij�sfairac (g�inec pal�rroiec). H katagraf� kai mel�th tou fainom�nou
par�qei plhrofor�ec gia ton tr�po me ton opo�o antidr� h lij�sfaira sthn
palirro�k� f�rtish, dhl. plhrofor�ec sqetik� me tic elastik�c idi�thtec thc
lij�sfairac, oi opo�ec apotelo�n antike�meno mel�thc thc gewdunamik�c.

H gn�sh tou exwteriko� ped�ou bar�thtac thc ghc sumb�llei ston akrib�ste-
ro prosdiorism� thc troqi�c twn teqnht�n doruf�rwn, oi opo�oi e�nai m�zec
pou kino�ntai m�sa sto ped�o bar�thtac kai me th seir� touc par�qoun pl�joc
plhrofori�n gia th belt�wsh thc gn�shc tou ped�ou bar�thtac, dhl. up�rqei
mia suneq�c an�drash (feedback) an�mesa sth baruthmetr�a kai stic s�gqronec
doruforik�c mej�douc.

1.2 Istorik� anadrom�

Oi pr�tec metr�seic thc epit�qunshc thc bar�thtac apod�dontai ston Galileo

Galilei, o opo�oc parathro�se thn troqi� swm�twn pou ektelo�san ele�jerh
pt�sh. O Sir Isaac Newton jewre�tai wc o jemeliwt�c thc epist�mhc thc baru-
thmetr�ac me th diat�pwsh tou n�mou thc pagk�smiac �lxhc, pou dhmosie�jhke
sthn ergas�a tou \Philosophiae Naturalis Principia Mathematica" (1687). Oi
ergas�ec twn d�o aut�n ereunht�n kat�deixan wc esfalm�nh th jewr�a tou Ari-
stot�lh (384-322 p.Q.), s�mfwna me thn opo�a h taq�thta twn swm�twn pou
ektelo�n ele�jerh pt�sh e�nai an�logh tou b�rouc twn.

O s�gqronoc tou Newton, Ch. Huygens (1629-1695) ekt�c ap� tic ergas�ec
tou sqetik� me to sq�ma thc ghc asqol�jhke me th jewr�a tou fusiko� ek-
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kremo�c h opo�a dhmosie�jhke sthn ergas�a tou \Horologium oscilatorium sive

de motu pendulorum ad horologia aptato demonstrationes geometricae" (1673).
O A.C. Clairaut (1713-1765) erm�neuse tic asumfwn�ec an�mesa stic jewr�ec

tou Newton kai tou Huygens kai �deixe sthn ergas�a tou \Th�eorie de la Figure
de la Terre" (1743) �ti h pl�tunsh thc ghc, dhl. �na gewmetrik� m�gejoc,
e�nai dunat� na upologisje� ap� metr�seic thc bar�thtac, dhl. ap� �na fusik�
m�gejoc, arq� sthn opo�a sthr�zetai h fusik� gewdais�a.

O C.F. Gauss (1777-1855) pr�teine (1828) na jewre�tai wc majhmatik� sq�ma
thc ghc, h isodunamik� epif�neia h opo�a antistoiqe� sthn epif�neia thc j�las-
sac. Arg�tera, o J.B. Listing (1873) on�mase thn epif�neia aut� geweid�c.

Kat� th di�rkeia tou 17ou, 18ou kai 19ou ai�na, epifane�c ereunht�c, �pwc
p.q. oi C. MacLaurin, P.S. Laplace , A.M. Legendre, G. Stokes, G. Green, F.R.

Helmert, asqol�jhkan me di�fora jewrhtik� probl�mata thc baruthmetr�ac.
Ta apara�thta majhmatik� ergale�a gia th qrhsimopo�hsh twn metr�sewn

thc bar�thtac pro�kuyan me th jemele�wsh thc jewr�ac tou dunamiko� ap� touc
majhmatiko�c J.L. Lagrange (1736-1813), P.S. Laplace (1749-1827), A.M. Le-

gendre (1752-1833) kai S.D. Poisson (1781-1840).
Idia�terh bar�thta �qoun oi mel�tec tou G.G. Stokes (1819-1903), o opo�oc

ap�deixe �ti to geweid�c mpore� na prosdiorisje� ap� metr�seic bar�thtac, oi
opo�ec kal�ptoun thn epif�neia thc ghc. O oloklhrwmatik�c t�poc, ton opo�o
pr�teine gia to skop� aut� me thn ergas�a tou \On the variation of gravity

on the surface of the earth" (1849), �gine dunat� na efarmosje� �na ol�klhro
ai�na arg�tera, �tan h epif�neia thc ghc kal�fjhke ap� ikanopoihtik� arijm�
metr�sewn.

To de�tero �misu tou 18ou ai�na �rqise h qrhsimopo�hsh twn metr�sewn thc
bar�thtac sth gewfusik� me thn prosp�jeia prosdiorismo� thc m�shc pukn�th-
tac thc ghc (thc m�zac thc ghc) kai thc stajer�c thc pagk�smiac �lxhc. Oi
prosp�jeiec aut�c bas�sjhkan se peir�mata twn P. Bouguer, G.B. Airy, H. Ca-
vendish, Ph. von Jolly.

To 19o ai�na oi J.H. Pratt (1809-1871) kai G.B. Airy (1801-1892) dhmos�eu-
san tic jewr�ec touc sqetik� me thn antist�jmish twn topografik�n maz�n
kai thn isorrop�a thc lij�sfairac (isostas�a). Arg�tera oi jewr�ec aut�c
belti�jhkan ap� touc J.F. Hayford (1909), W. Bowie (1917), W. A. Heiskanen

(1924) kai F.A. Vening-Meinesz (1931).
Gia meg�lo qronik� di�sthma (m�qri tic arq�c tou 20ou ai�na) gia tic metr�-

seic thc bar�thtac qrhsimopoi�jhke to ekkrem�c (mia pros�ggish tou majhma-
tiko� ekkremo�c). O J. Bohnenberger (1811) peri�graye thn arq� tou anti-
strepto� ekkremo�c. O G. Prony (1792) pr�teine �na tr�po ulopo�hs�c tou, o
opo�oc �mwc den qrhsimopoi�jhke. O H. Kater (1818) kataske�ase to pr�to
antistrept� ekkrem�c gia metr�seic ped�ou. Ap� t�te �ginan arket�c metatrop�c
sto antistrept� ekkrem�c gia ap�lutec metr�seic thc epit�qunshc thc bar�thtac.

To pr�to �rgano gia th m�trhsh diafor�n thc epit�qunshc thc bar�thtac
(sqetik� m�trhsh) �tan ep�shc basism�no sthn arq� tou ekkremo�c kai kata-
skeu�sjhke sta t�lh tou 19ou ai�na ap� ton R. von Sterneck. H diafor�
thc epit�qunshc thc bar�thtac an�mesa se d�o stajmo�c prok�ptei ap� th dia-
for� tou qr�nou tal�ntwshc tou ekkremo�c stouc stajmo�c auto�c, me thn
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pro�p�jesh �ti to m�koc tou ekkremo�c param�nei stajer�. Oi di�foroi t�poi
par�moiwn org�nwn ta opo�a kataskeu�sjhkan sth sun�qeia qrhsimopoi�jhkan
gia metr�seic se pagk�smia kl�maka.

Me th met�bash ap� tic ap�lutec se sqetik�c metr�seic pro�kuye h an�gkh
thc gn�shc miac tim�c anafor�c. O F.R. Helmert (1843-1917) anaje�rhse th
jewr�a tou antistrepto� ekkremo�c kai oi F. K�uhnen kai Ph. Furtw�angler ap�
to 1898 �wc to 1904 �kanan n�ec ap�lutec metr�seic sto Potsdam, oi opo�ec
qrhs�meusan wc b�sh tou Potsdam Gravity System, to opo�o kajier�jhke to
1909.

Shmantik� suneisfor� sth baruthmetr�a apot�lese h kataskeu� ap� ton R.
von E�otv�os (1908) tou zugo� str�yhc, en�c org�nou ped�ou me to opo�o e�nai du-
nat� na metrhjo�n orism�nec ap� tic de�terec merik�c parag�gouc tou dunamiko�
thc bar�thtac.

Oi pr�tec metr�seic bar�thtac sth j�lassa �ginan to 1928 ap� ton F.A.

Vening-Meinesz me �rgano basism�no sthn arq� tou ekkremo�c dik�c tou kata-
skeu�c.

Ap� to 1945 kai met� h baruthmetr�a gn�rise shmantik�c teqnologik�c exel�-
xeic me thn kataskeu� statik�n org�nwn meg�lhc akr�beiac kai eure�ac kl�makac
metr�sewn, thn kataskeu� org�nwn ap�luthc m�trhshc basism�nwn sthn arq�
thc ele�jerhc pt�shc kai thn kataskeu� org�nwn gia metr�seic sth j�lassa
(sthn epif�neia � ston pujm�na).

Ta �rgana aut� bo�jhsan sthn egkat�stash n�wn baruthmetrik�n dikt�wn.
To 1971 idr�jhke to Diejn�c Pr�tupo D�ktuo Bar�thtac 1971 (International
Gravity Standardization Net 1971- IGSN71) basism�no se ap�lutec metr�seic
me to �rgano pou qrhsimopoie� thn arq� thc ele�jerhc pt�shc kai sqetik�c
metr�seic me barut�metra LaCoste-Romberg, to opo�o antikat�sthse to Pots-

dam Gravity System kai ap� t�te emplout�zetai suneq�c me n�ec ap�lutec kai
sqetik�c metr�seic.

H s�gqronh epoq� thc baruthmetr�ac qarakthr�zetai ap� tic ragda�ec exel�-
xeic t�so sthn kataskeu� org�nwn (�rgana uperagwgim�thtac, adraneiak� su-
st�mata, bajmid�metra), �so kai sthn an�ptuxh susthm�twn kai mej�dwn q�ric
stic opo�ec h gn�sh mac sqetik� me to ped�o bar�thtac belti�netai suneq�c ap�
n�ec phg�c.

� H kataskeu� eua�sjhtwn org�nwn uperagwgim�thtac me praktik� mhde-
nik� ol�sjhsh apot�lese shmantik� suneisfor� sth qrhsimopo�hsh twn
diaqronik�n metr�sewn thc bar�thtac gia efarmog�c thc gewdunamik�c.

� Oi polu�rijmec doruforik�c apostol�c thc NASA kai thc ESA (GEOS-3,

SEASAT, GEOSAT, ERS-1, ERS-2, TOPEX) efod�asan touc ereunht�c
me pl�joc altimetrik�n dedom�nwn, ta opo�a me s�gqronec stoqastik�c kai
fasmatik�c mej�douc metatr�pontai se plhrofor�ec sqetik� me to ped�o
bar�thtac thc ghc kai thn topograf�a thc j�lassac, kal�ptontac pe-
rioq�c oi opo�ec e�nai d�skolo - an �qi ad�nato - na kalufjo�n me ep�geiec
metr�seic.

� Sust�mata m�trhshc ap� a�ra br�skontai �dh se leitourg�a me skop� na
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kal�youn me metr�seic thc bar�thtac � twn bajm�dwn thc bar�thtac pe-
rioq�c �pwc oi polik�c z�nec, oi opo�ec den kal�ptontai ap� doruforik�c
metr�seic.

Poll�c ap� tic ap� eikosaet�ac kai pl�on sqediaz�menec kajar� baruthme-
trik�c doruforik�c apostol�c (�pwc p.q. h apostol� ARISTOTELES -Applica-
tions and Research Involving Space Techniques Observing The Earth's �eld from

Low Earth orbiting Satellites) den ulopoi�jhkan m�qri s�mera � ta sq�dia aut�
egkatale�fjhkan, en� gia to �meso m�llon sqedi�zontai n�a progr�mmata, �pwc
p.q. h germanik� doruforik� apostol� CHAMP (Challenging Mini-Satellite

Payload for Geophysical Research and Application), h amerikano-germanik�
GRACE (Gravity Recovery and Climate Experiment), kai h apostol� thc ESA
GOCE (Gravity Field and Steady-State Ocean Circulation Mission), ta opo�a
anam�netai na ulopoihjo�n stic arq�c thc n�ac qiliet�ac (2004).

Sthn epoq� mac, to geweid�c den e�nai m�no h epif�neia anafor�c twn uyom�-
trwn, all� h epif�neia anafor�c twn metabol�n pou sumba�noun sth j�lassa,
sthn xhr� kai stouc paget�nec kai thc allhlep�dras�c twn, to de ped�o bar�th-
tac o kajr�fthc twn diergasi�n sto eswterik� thc ghc.

H ex�lixh thc baruthmetr�ac suneq�zetai m�sa ap� diejne�c sunergas�ec meg�-
lwn organism�n, twn eidik�n om�dwn ergas�ac thcDiejno�c Gewdaitik�c 'Enw-

shc (International Association of Geodesy) all� kai mikr�terwn ereunhtik�n
om�dwn kai memonwm�nwn ereunht�n, me th qrhsimopo�hsh �lwn twn mej�dwn
kai teqnologik�n m�swn ta opo�a se k�je epoq� t�jentai sth di�jesh thc epi-
sthmonik�c �reunac.



Kef�laio 2

To ped�o thc g�inhc
bar�thtac

2.1 Sust�mata suntetagm�nwn

2.1.1 To gewkentrik� s�sthma

Gia thn pros�ggish tou ped�ou bar�thtac se sfairik� kl�maka qrhsimopoie�tai
to elleiyoeid�c gewkentrik� s�sthma suntetagm�nwn . H gewmetr�a tou or�zetai
ap� �na elleiyoeid�c ek peristrof�c me meg�lo hmi�xona a kai mikr� hmi�xona
b. H arq� tou sust�matoc auto� e�nai to k�ntro m�zac thc ghc C. O �xonac Z
sump�ptei me to m�so (anex�rthto tou qr�nou/time invariant) �xona peristrof�c
thc ghc, �pwc or�zetai ap� th m�sh j�sh tou p�lou gia to qronik� di�sthma
1900.0 - 1906.0 (Conventional International Origin, CIO). O �xonac X ka-
teuj�netai sthn tom� tou astronomiko� meshmbrino� tou Greenwich (mhdenik�c
meshmbrin�c tou Diejno�c Grafe�ou 'Wrac - Bureau International de l' Heure)
me to m�so ishmerin� ep�pedo kai o �xonac Y sumplhr�nei �na dexi�strofo tri-
sorjog�nio s�sthma.

To ped�o bar�thtac sfairik�n swm�twn perigr�fetai aplo�stera me th qrh-
simopo�hsh sfairik�n suntetagm�nwn (r, #, �) (Sq�ma 2.1), �pou r h gewken-
trik� ap�stash, # = 90� � ' h sfairik� ap�stash (' to gewkentrik� pl�toc)
kai � to gewgrafik� m�koc. To gewkentrik� pl�toc ' sund�etai me to (ellei-
yoeid�c) gewgrafik� pl�toc ' (Sq�ma 2.1) me th sq�sh

tan' =

�
b

a

�2
tan': (2.1)

Gia to di�nusma j�shc r tou shme�ou R isq�oun oi ak�loujoi t�poi metasqh-
matismo�

6
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r =

0
@ X

Y

Z

1
A = r

0
@ sin# cos�

sin# sin�

cos#

1
A : (2.2)

Sq�ma 2.1: Gewkentrik� s�sthma anafor�c

2.1.2 To topik� s�sthma anafor�c tou ped�ou bar�thtac

Gia thn perigraf� thc gewmetr�ac tou ped�ou bar�thtac se topik� kl�maka kai
gia upologismo�c se periorism�nec perioq�c qrhsimopoio�ntai topik� sust�mata
suntetagm�nwn pou sund�ontai me to shme�o R tou ped�ou bar�thtac �pou g�netai
o upologism�c, dhl. �qoun thn arq� touc sto shme�o R (Sq�ma 2.2). O pro-
sanatolism�c tou sust�matoc e�nai o ak�loujoc: o �xonac z sump�ptei me th
die�junsh thc katakor�fou kai kateuj�netai sto nad�r (dhl. �qei th die�junsh
tou dian�smatoc g, en� sun�jwc sth gewdais�a o �xonac z kateuj�netai sto
zen�j). Oi �xonec x kai y or�zoun �na topik� oriz�ntio ep�pedo kai kateuj�nontai
sto borr� (astronomik�c meshmbrin�c) kai sthn anatol� ant�stoiqa. Ta topik�
sust�mata sund�ontai me to sfairik� s�sthma m�sw tou astronomiko� pl�touc
� kai tou astronomiko� m�kouc �, en� h die�junsh tou meshmbrino� or�zetai me
to astronomik� azimo�jio A tou ep�geiou st�qou (Sq�ma 2.2). To di�nusma thc
bar�thtac ekfr�zetai me th sq�sh

g = �gn = �g

0
@ cos� cos�

cos� sin�

sin�

1
A ; (2.3)

�pou n to monadia�o di�nusma thc exwterik�c kaj�tou.
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Sq�ma 2.2: Topik� s�sthma anafor�c tou ped�ou bar�thtac x; y; z kai gewken-
trik� s�sthma X; Y; Z

2.1.3 Elleiyoeid� sust�mata anafor�c

H epif�neia thc ghc e�nai dunat� na proseggiste� ap� �na elleiyoeid�c ek peri-
strof�c, �tsi �ste suqn�, ant� gia to trisorjog�nio s�sthma suntetagm�nwn,
na qrhsimopoio�ntai elleiyoeid� sust�mata.

To elleiyoeid�c ek peristrof�c par�getai ap� thn peristrof� miac �llei-
yhc g�rw ap� to mikr� thc hmi�xona. Epom�nwc to sq�ma tou elleiyoeido�c
perigr�fetai ap� d�o gewmetrik�c param�trouc, to meg�lo hmi�xona a kai to
mikr� hmi�xona b. Ant� tou mikro� hmi�xona qrhsimopoie�tai sun�jwc mia ap�
tic ak�loujec pos�thtec

f =
a� b
a

; " =
p
a2 � b2; e =

"

a
; e

0 =
"

b
: (2.4)

Metax� twn posot�twn aut�n isq�oun oi sq�seic

b

a
= 1� f =

p
1� e2 =

1
p
1 + e02

: (2.5)

Se trisorjog�nio s�sthma suntetagm�nwn (x; y; z) me to k�ntro tou ellei-
yoeido�c sthn arq� tou sust�matoc suntetagm�nwn kai ton �xona z na sump�ptei
me to mikr� �xona tou elleiyoeido�c (Sq�ma 2.3), h ex�swsh thc epifane�ac tou
e�nai

x
2 + y

2

a2
+
z
2

b2
= 1: (2.6)
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Sq�ma 2.3: Elleiyoeide�c gewgrafik�c suntetagm�nec

Sto s�sthma twn elleiyoeid�n gewgrafik�n suntetagm�nwn (ellipsoidal
geographic coordinates) to tuq�n shme�o P ep�nw sto elleiyoeid�c or�zetai ap�
to gewgrafik� pl�toc (geographic latitude) ', kai to gewgrafik� m�koc (geo-
graphic longitude) �. ' e�nai h gwn�a ep� tou meshmbrino� epip�dou h opo�a
sqhmat�zetai metax� tou ishmerino� epip�dou (x; y) tou elleiyoeido�c kai thc
kaj�tou sthn epif�neia tou elleiyoeido�c sto shme�o P . � e�nai h gwn�a h opo�a
sqhmat�zetai sto ishmerin� ep�pedo metax� tou meshmbrino� tou mhden�c kai tou
meshmbrino� epip�dou tou shme�ou P .

An p e�nai h ap�stash tou shme�ou P ap� ton �xona peristrof�c Oz (Sq�ma
2.3) me tic sq�seic

x = p cos�; y = p sin�

eis�getai wc n�a metablht� h akt�na tou k�klou pl�touc

p =
p
x2 + y2: (2.7)

Me antikat�stash thc (2.7) sth (2.6) kai diaf�rish prok�ptei h kl�sh thc
efaptom�nhc tou elleiyoeido�c sto shme�o P (bl. Sq�ma 2.4)

dz

dp
=

�
b

a

�2
p

z
= � cot': (2.8)

Ak�mh ap� to Sq�ma (2.4) prok�ptoun oi sq�seic

p = r cos'; z = r sin'; r =
p
p2 + z2 (2.9)

gia thn ex�swsh thc �lleiyhc sunart�sei twn ' kai r.
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Se poll�c peript�seic qrhsimopoie�tai to anhgm�no pl�toc (reduced lati-

tude) �. To anhgm�no pl�toc prok�ptei me probol� thc �lleiyhc ston om�kentro
k�klo akt�nac a (Sq�ma 2.4). Ap� to �dio sq�ma prok�ptei

Sq�ma 2.4: To gewgrafik� pl�toc ', to anhgm�no pl�toc � kai to gewkentrik�
pl�toc '

p = a cos� (2.10)

kai me antikat�stash thc (2.10) sthn ex�swsh thc �lleiyhc tou Sq�matoc (2.4)
prok�ptei

z = b sin�: (2.11)

Sugkr�nontac tic (2.9) kai (2.10) me thn (2.8) prok�ptoun oi sq�seic metax�
tou gewgrafiko� pl�touc ', tou gewkentriko� pl�touc ' kai tou anhgm�nou
pl�touc �

tan' =

�
b

a

�2
tan'; tan� =

b

a
tan': (2.12)

Ak�mh, h meshmbrin� akt�na kampul�thtac M kai h akt�na kampul�thtac
thc pr�thc kaj�tou N (bl. Sq�ma 2.5) e�nai meg�jh ta opo�a empl�kontai stic
sq�seic an�mesa sto dunamik� thc bar�thtac kai th gewmetr�a (bl. x7.4). Ta
meg�jh aut� sund�ontai me tic gewmetrik�c param�trouc tou elleiyoeido�c me
tic ak�loujec sq�seic [5]

M =
�(1� e2)

(1� e2 sin2 ')3=2
; (2.13)
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Sq�ma 2.5: Kampul�thta tou elleiyoeido�c ek peristrof�c

N =
p

cos'
; (2.14)

� ak�mh (l�gw thc axonik�c summetr�ac)

N =
�

(1� e2 sin2 ')1=2
: (2.15)

2.1.4 Gewdaitik�c suntetagm�nec

Gia upologismo�c sto ped�o bar�thtac qrhsimopoio�ntai sun�jwc oi elleiyoei-
de�c suntetagm�nec sto q�ro (spatial ellipsoidal coordinates), dhl. to el-

leiyoeid�c gewgrafik� pl�toc (ellipsoidal geographical latitude) ', to ellei-

yoeid�c gewgrafik� m�koc (ellipsoidal geographical longitude) � kai to ellei-

yoeid�c �yoc (ellipsoidal height) h. Oi suntetagm�nec '; �; h e�nai gnwst�c wc
gewdaitik�c suntetagm�nec (geodetic coordinates). To shme�o P sthn epif�neia
thc ghc prob�lletai sto shme�o Q ep�nw sthn epif�neia tou elleiyoeido�c m�sw
thc kaj�tou sthn epif�neia tou elleiyoeido�c (probol� tou Helmert). To gew-
daitik� �yoc metr�tai kat� m�koc thc kaj�tou sthn epif�neia tou elleiyoeido�c
(Sq�ma 2.6).

Gia to di�nusma j�shc rQ tou shme�ou Q tou elleiyoeido�c isq�ei

rQ =

0
@ xQ

yQ

zQ

1
A = N

0
@ cos' cos�

cos' sin�

(1� e2) sin'

1
A : (2.16)

Gia to shme�o P sthn epif�neia thc ghc, epeid� r = rQ + hn kai
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Sq�ma 2.6: Oi gewdaitik�c suntetagm�nec '; �; h

n =

0
@ cos' cos�

cos' sin�

sin'

1
A ;

isq�ei

r =

0
@ x

y

z

1
A =

0
@ (N + h) cos' cos�

(N + h) cos' sin�

((1� e2)N + h) sin'

1
A : (2.17)

To ant�strofo pr�blhma gia tic gewdaitik�c suntetagm�nec l�netai me epa-
nalhptik� diadikas�a s�mfwna me tic exis�seic oi opo�ec akoloujo�n, �pou to
s�sthma twn exis�sewn sugkl�nei me taq�thta, epeid� h� N

' = arctan
zp

x2 + y2

�
1� e2

N

N + h

�
�1

; (2.18)

� = arctan
y

x
; (2.19)

h =

p
x2 + y2

cos'
�N: (2.20)

2.2 Epit�qunsh kai dunamik� thc bar�thtac

'Ena s�ma pou peristr�fetai maz� me th gh up�keitai se elktik�c dun�meic pou
ofe�lontai sth m�za thc ghc kai twn ouran�wn swm�twn kai sth fug�kentrh
d�namh pou ofe�letai sthn peristrof� thc ghc. O sunduasm�c twn elktik�n
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dun�mewn kai thc fug�kentrhc d�namhc e�nai h d�namh thc bar�thtac. Mon�dec
m�trhshc thc epit�qunshc thc bar�thtac sto Diejn�c S�sthma Mon�dwn (SI
- Syst�eme International d'Unit�es) e�nai to ms�2. Epeid� h epit�qunsh thc
bar�thtac mpore� na metrhje� me akr�beia 10�7 : : : 10�8ms�2 kai epeid� endiaf�-
ron gia thn an�lush den �qoun oi �diec oi tim�c thc epit�qunshc thc bar�thtac,
all� oi apokl�seic tou ped�ou bar�thtac thc (pragmatik�c) ghc ap� to ped�o
bar�thtac miac kanonik�c ghc pou genik� param�noun mikr�terec ap� 2�10�3ms�2,
qrhsimopoio�ntai ak�mh oi mon�dec:

mGal = 10�5ms�2, mGal = 10�8ms�2 = 10nms�2, pou e�nai upodiair�seic
tou Gal (ap� to �noma tou Galilei) dhl. 1 Gal = cms

�2 (s�sthma c.g.s.).

S�mfwna me to n�mo tou Newton, d�o m�zec m1 kai m2 �lkontai amoiba�a
me d�namh

F = �G
m1m2

l2

l

l
; (2.21)

�pou G h pagk�smia stajer� �lxhc (gravitational constant) kai l h ap�stash
metax� twn shmeiak�n maz�n. H mon�da m�zac topojethm�nh sto elk�meno
shme�o R (Sq�ma 2.7) sto ped�o twn elktik�n dun�mewn up�keitai se epit�qunsh

b = �G
m

l2

l

l
; (2.22)

h opo�a ofe�letai sth m�za m pou e�nai topojethm�nh sto �lkon shme�o R'.

Sq�ma 2.7: H epit�qunsh twn elktik�n dun�mewn b

To di�nusma b �qei th die�junsh thc gramm�c h opo�a sund�ei ta shme�a R kai
R' kai for� proc to R'. To di�nusma l mpore� na parastaje� ap� ta dian�smata
r kai r0 sto kartesian� s�sthma (x; y; z) me tic ak�loujec sq�seic:
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l = r� r
0
; r =

0
@ x

y

z

1
A ; r

0 =

0
@ x

0

y
0

z
0

1
A ; (2.23)

�pou

l = j l j =
p
(x � x0)2 + (y � y0)2 + (z � z0)2 :

H tim� thc pagk�smiac stajer�c �lxhc e�nai (bl. p.q. [6])
G = 6:673� 10�11m3kg�1s�2.
H sunolik� �lxh pou aske� h gh, pou apotele�tai ap� �peira stoiqe�a m�zac,

sth mon�da m�zac sto shme�o R prok�ptei me �jroish twn epim�rouc epitaq�nse-
wn (2.22) dianusmatik�. Oi upologismo� sto ped�o bar�thtac aplouste�ontai,
an, ant� tou dianusmatiko� ped�ou, per�soume se bajmwt� ped�o. Aut� e�nai
dunat� giat� to ped�o twn elktik�n dun�mewn e�nai �na sunthrhtik� ped�o, dhl.
to b mpore� na parastaje� wc h kl�sh miac sun�rthshc dunamiko� V

b = grad V: (2.24)

To elktik� dunamik� (gravitational potential)

V = V (l) =
Gm

l
(2.25)

eis�getai me th sunj�kh Vl!1 = 0 wc mia jetik� pos�thta. H tim� tou duna-
miko� sto shme�o R tou ped�ou �lxhc e�nai �sh me to �rgo to opo�o pr�pei na
katanalwje� �ste na kinhje� h mon�da m�zac ap� to 1 (V = 0) m�qri to shme�o
R. To dunamik� �lxhc �qei diast�seic �rgou an� mon�da m�zac kai mon�da m2s�2.
Ap� th shmeiak� m�za m epistr�foume sth gh me suneq� katanom� stoiqeiwd�n
maz�n

dm = �dv; (2.26)

�pou � = �(r0) e�nai h pukn�thta kai dv o stoiqei�dhc �gkoc. Lamb�nontac
up�yh th sq�sh (2.24) to dunamik� thc ghc d�netai ap� th sq�sh

V = V (r) = G

Z Z

�

Z
dm

l
= G

Z Z

�

Z
�

l
dv: (2.27)

Gia ton upologism� tou V pr�pei na e�nai gnwst� h sun�rthsh thc pukn�thtac
� = �(r0). Sthn pragmatik�thta aut� sumba�nei m�no gia tm�mata thc an�terhc
lij�sfairac. Se pr�th pros�ggish o upologism�c thc tim�c tou dunamiko�
dieukol�netai, an h gh jewrhje� sfairik� me katanom� thc pukn�thtac sum-
metrik� wc proc to k�ntro thc. 'Ena t�toio s�ma e�nai dunat� na jewrhje�
�ti apotele�tai ap� �peira gewkentrik� sfairik� omogen� kel�fh, op�te to
zhto�meno dunamik� ja iso�tai me to �jroisma twn dunamik�n ap� ta �peira
aut� kel�fh. Sthn per�ptwsh aut� qrhsimopoie�tai s�sthma sfairik�n sunte-
tagm�nwn (r; #; �) (Sq�ma 2.1). O sun�jhc prosanatolism�c tou sust�matoc
auto� e�nai t�toioc �ste o �xonac # = 0 sump�ptei me ton �xona Z, o �xonac
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� = 0 sump�ptei me ton �xona X , op�te gia to metasqhmatism� twn sunte-
tagm�nwn isq�oun oi sq�seic (2.2). T�te # e�nai h sfairik� polik� ap�stash
kai � to gewgrafik� m�koc.

Sth sun�qeia, prokeim�nou na aplousteujo�n oi t�poi, to s�sthma twn sfai-
rik�n suntetagm�nwn prosanatol�zetai �tsi �ste o �xonac # = 0 na sump�sei
me th gramm� pou en�nei to shme�o O me to shme�o R (Sq�ma 2.8). To duna-
mik� en�c omogeno�c sfairiko� kel�fouc apeirosto� p�qouc dr0 kai stajer�c
pukn�thtac � pou �qei akt�na r0 d�netai se analog�a me thn (2.27) ap� th sq�sh

V
0 = G�dr

0

Z Z
f

d f

l
; (2.28)

�pou h epif�neia olokl�rwshc e�nai h epif�neia f tou kel�fouc kai

df = r
02 sin# d#0 d�0

e�nai �na stoiqe�o thc epif�neiac tou kel�fouc.

Sq�ma 2.8: To dunamik� sfairiko� kel�fouc

Kat� thn olokl�rwsh thc (2.28) pr�pei na g�nei di�krish, an to elk�meno
shme�o R br�sketai sto exwterik� � sto eswterik� tou kel�fouc. Sthn per�ptw-
sh kat� thn opo�a to shme�o R br�sketai �xw ap� to k�lufoc, to dunamik� e�nai

V
0

e = 4�G�
r
02

r
dr
0 = G

dm
0

r
; (2.29)

�pou dm0 = 4��r02dr0 h m�za tou sfairiko� kel�fouc. To dunamik� thc sfai-
rik�c ghc s�mfwna me ta prohgo�mena ja e�nai
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Ve = G

Z Z

�

Z
dm

0

r
=
GM

r
; (2.30)

dhl. �so me to dunamik� thc sunolik�c m�zac M thc ghc sugkentrwm�nhc sto
k�ntro thc m�zac. Me GM = 398:6 � 1012m3s�2 kai thn akt�na thc ghc R =

6; 371 km, h tim� tou dunamiko� sthn epif�neia thc ghc (r = R) e�nai V =

6:26� 107m2s�2 kai h �lxh b = 9:82ms�2.

Sthn per�ptwsh kat� thn opo�a to shme�o R br�sketai m�sa sto s�ma thc
ghc, prok�ptei

V
0

i = 4�G�r0dr0 =
G

r0
dm

0
; (2.31)

dhl. to dunamik� e�nai stajer�, anex�rthta ap� th j�sh tou R m�sa sto k�lufoc
kai epom�nwc h �lxh e�nai �sh me mhd�n.

To dunamik� m�sa sth gh, h opo�a apotele�tai ap� �peira allep�llhla kel�-
fh, e�nai to �jroisma tou dunamiko� to opo�o ofe�letai stic m�zec sto eswterik�
thc sfa�rac akt�nac r = staj. (�pou r h ap�stash tou R ap� to k�ntro) kai
tou dunamiko� to opo�o ofe�letai sto k�lufoc p�qouc R � r, �pou R h akt�na
thc (sfairik�c) ghc, dhl.

Vi =
4�G

r

Z r

0

�r
02
dr
0 + 4�G

Z R

r

�r
0
dr
0
: (2.32)

Gia omogen� sfairik� gh (� = staj.) prok�ptei ap� thn (2.32)

Vi =
4�Gr2

3
+ 2�G�(R2 � r2) = 2�G�

�
R
2 �

r
2

3

�
: (2.33)

2.2.1 Idi�thtec tou elktiko� dunamiko�

To dunamik� V (2.27) kai oi pr�tec par�gwgoi (se sunduasm� kai me th sq�sh
2.23)

@V

@x
= Vx = �G

Z Z

�

Z
x� x0

l3
dm;

@V

@y
= Vy = �G

Z Z

�

Z
y � y

0

l3
dm; (2.34)

@V

@z
= Vz = �G

Z Z

�

Z
z � z

0

l3
dm;

�pwc kai oi de�terec par�gwgoi
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@
2
V

@x2
= Vxx = �G

Z Z

�

Z
1

l3
dm+ 3G

Z Z

�

Z
(x� x0)2

l5
dm;

@
2
V

@y2
= Vyy = �G

Z Z

�

Z
1

l3
dm+ 3G

Z Z

�

Z
(y � y0)2

l5
dm; (2.35)

@
2
V

@z2
= Vzz = �G

Z Z

�

Z
1

l3
dm+ 3G

Z Z

�

Z
(z � z0)2

l5
dm;

e�nai mon�tima orism�nec, peperasm�nec kai suneqe�c sunart�seic se ol�klhro to
q�ro �xw ap� to fusik� s�ma thc ghc (h m�za thc atm�sfairacMAtm

�= 10�6M

jewre�tai sthn per�ptwsh aut� amelht�a) kai mhden�zontai gia l =1.

Oi diast�seic twn de�terwn merik�n parag�gwn tou dunamiko� e�nai s�2.

Lamb�nontac up�yh thn t�xh meg�jouc kai thn akr�beia m�trhshc twn deut�-
rwn parag�gwn (10�8 : : : 10�9s�2), oi mon�dec pou qrhsimopoio�ntai sun�jwc
e�nai 10�9s�2 = 1E (E�otv�os) = 0:1� 10�5ms�2=km.

Me efarmog� tou telest� tou Laplace se kartesian� s�sthma suntetagm�-
nwn

� =
@
2

@x2
+

@
2

@y2
+

@
2

@z2
; (2.36)

sto V , apodeikn�etai �ti to elktik� dunamik� sto q�ro �xw ap� tic m�zec
e�nai armonik� sun�rthsh. Pr�gmati, me antikat�stash twn (2.35) sth (2.36)
prok�ptei

�V = 0: (2.37)

H (2.37) e�nai h diaforik� ex�swsh tou Laplace (Laplace di�erential equa-

tion). Suneqe�c sunart�seic, oi opo�ec �qoun suneqe�c pr�tec kai de�terec
parag�gouc kai plhro�n thn (2.37), kalo�ntai armonik�c sunart�seic (harmonic
functions) � sunart�seic dunamiko�.

Gia shme�a R m�sa sto s�ma thc ghc e�nai dunat� h per�ptwsh l = 0. T�te
parathre�tai asun�qeia h opo�a ofe�letai ston �ro 1=l. Gia na melethje� h
per�ptwsh aut� jewre�tai to R kleism�no se mia sfa�ra K k�ntrou P0(x0; y0; z0)
kai akt�nac p h opo�a ekl�getai arket� mikr�, �ste h pukn�thta � m�sa sth
sfa�ra na e�nai dunat� na jewrhje� stajer� (Sq�ma 2.9). To dunamik� sto
shme�o R e�nai t�te to �jroisma tou dunamiko� to opo�o ofe�letai stic m�zec
�xw ap� th sfa�ra K kai tou dunamiko� to opo�o ofe�letai stic m�zec sto
eswterik� thc sfa�rac K. Ap� tic sq�seic (2.27) kai (2.33) gia

R = p; r = q =
p
(x � x0)2 + (y � y0)2 + (z � z0)2;

prok�ptei
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V = G

Z Z

��K

Z
dm

l
+ 2�G�

�
p
2 �

q
2

3

�
: (2.38)

Sq�ma 2.9: To elktik� dunamik� sto eswterik� thc ghc

Sthn oriak� per�ptwsh kat� thn opo�a ta p kai q te�noun sto mhd�n, h (2.38)
sumfwne� me thn �kfrash gia to dunamik� �xw ap� tic m�zec (2.27).

Ap� thn (2.38) prok�ptoun me parag�gish oi pr�tec par�gwgoi tou duna-
miko�

Vx = �G
Z Z

��K

Z
x� x0

l3
dm�

4

3
�G�(x � x0);

Vy = �G
Z Z

��K

Z
y � y0

l3
dm�

4

3
�G�(y � y0); (2.39)

Vz = �G
Z Z

��K

Z
z � z0

l3
dm�

4

3
�G�(z � z0):

Sthn oriak� per�ptwsh kat� thn opo�a to q te�nei sto mhd�n kai oi diafor�c
x�x0; y�y0; z�z0 te�noun sto mhd�n kai oi (2.39) sumfwno�n me tic ant�stoiqec
ekfr�seic (2.34) gia to dunamik� �xw ap� tic m�zec. Me parag�gish twn (2.39)
prok�ptoun oi de�terec par�gwgoi tou dunamiko�

Vxx = �G
Z Z

��K

Z
1

l3
dm+ 3G

Z Z

��K

Z
(x� x0)2

l5
dm�

4

3
�G�

Vyy = �G
Z Z

��K

Z
1

l3
dm+ 3G

Z Z

��K

Z
(y � y

0)2

l5
dm�

4

3
�G� (2.40)
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Vzz = �G
Z Z

��K

Z
1

l3
dm+ 3G

Z Z

��K

Z
(z � z0)2

l5
dm�

4

3
�G�:

Me ton tr�po aut� apodeikn�etai �ti to elktik� dunamik� kai oi pr�tec tou
par�gwgoi e�nai mon�timec, peperasm�nec kai suneqe�c sunart�seic sto eswte-
rik� twn maz�n. Oi de�terec par�gwgoi, s�mfwna me tic (2.40), parousi�zoun
asun�qeiec gia ap�tomec allag�c thc pukn�thtac. Me efarmog� tou telest�
tou Laplace stic (2.40) prok�ptei h diaforik� ex�swsh tou Poisson

�V = �4�G�: (2.41)

2.2.2 Fugokentrik� dunamik�

H fug�kentrh d�namh ofe�letai sthn peristrof� thc ghc g�rw ap� ton �xon�
thc. An upoj�soume �ti h gh peristr�fetai me stajer� gwniak� taq�thta !

g�rw ap� ton �xona peristrof�c thc pou upot�jetai stajer�c se sq�sh me th
gh, h fug�kentrh epit�qunsh

z = !
2
p (2.42)

pou energe� sth mon�da thc m�zac �qei die�junsh k�jeth ston �xona peristrof�c
(Sq�ma 2.10).

Sq�ma 2.10: H epit�qunsh b, h fug�kentrh epit�qunsh z kai h epit�qunsh thc
bar�thtac g

H gwniak� taq�thta ! = 2�=86; 164:10 s = 7:292115 � 10�5rad s�1 e�nai
gnwst� me meg�lh akr�beia ap� thn astronom�a.

An o �xonac z tou kartesiano� sust�matoc suntetagm�nwn (x; y; z) sump�ptei
me ton �xona peristrof�c, t�te

p =

0
@ x

y

0

1
A ; p = jp j =

p
x2 + y2:
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Se analog�a me to elktik� dunamik� eis�getai to fugokentrik� dunamik� �

me th sq�sh

z = grad�; (2.43)

�pou

� = �(p) =
!
2

2
p2 ; (2.44)

to opo�o se ant�jesh me to dunamik� V den e�nai armonik� sun�rthsh, afo�
isq�ei

�� = 2!2: (2.45)

H tim� tou � gia shme�a ston ishmerin� thc ghc e�nai � = 1.1�10�5m2s�2

kai h tim� tou z = j z j = 0:03m s�2(� 0:3% thc epit�qunshc twn elktik�n
dun�mewn). Stouc p�louc �qoume � = 0, z = 0.

2.2.3 Gewdunamik�

H epit�qunsh thc bar�thtac � apl� bar�thta g e�nai h sunistam�nh thc �lxhc b
kai thc fug�kentrhc d�namhc z (Sq�ma 2.10), dhl.

g = b+ z: (2.46)

H die�junsh tou dian�smatoc g e�nai gnwst� wc die�junsh thc katakor�fou
en� to m�tro g tou g e�nai gnwst� wc �ntash thc bar�thtac (merik�c for�c
l�gontac bar�thta ennoo�me thn �ntash thc bar�thtac).

To dunamik� thc bar�thtac W (gravity potential) e�nai to �jroisma twn
dunamik�n V kai �, dhl.

W = V + � (2.47)

kai wc �jroisma miac armonik�c kai miac mh armonik�c sun�rthshc den e�nai
armonik� sun�rthsh. An prosj�soume kat� m�lh tic (2.37) kai (2.45) �qoume
gia to dunamik� W �xw ap� tic m�zec

�W = 2!2; (2.48)

en� an prosj�soume tic (2.41) kai (2.45) �qoume gia to dunamik� W m�sa stic
m�zec

�W = �4�G�+ 2!2: (2.49)

L�gw thc pl�tunshc stouc p�louc kai thc fug�kentrhc epit�qunshc, h �ntash
thc bar�thtac g metab�lletai sthn epif�neia thc ghc metax� 9:78m s�2 (ishme-
rin�c) kai 9:83m s�2 (p�loi).
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2.2.4 An�ptugma tou elktiko� dunamiko� se seir�

Epeid� h sun�rthsh thc pukn�thtac r = r(r0) den e�nai gnwst�, to dunamik�
twn elktik�n dun�mewn V = V (r) den e�nai dunat� na upologisje� ap� thn
(2.27). E�nai �mwc dunat� na anaptuqje� se seir� pou sugkl�nei �xw ap� th
gh. Proseggistik� mia t�toia an�ptuxh mpore� na efarmosje� ak�mh kai ep�nw
sthn epif�neia thc ghc. Prokeim�nou na sqhmat�soume �na t�toio an�ptugma
tou dunamiko� ja anapt�xoume pr�ta to ant�strofo thc ap�stashc se seir�.
Me efarmog� tou n�mou tou sunhmit�nou (Sq�ma 2.11) prok�ptei h ak�loujh
�kfrash gia to ant�strofo thc ap�stashc l metax� �lkontoc shme�ou R' kai
elk�menou shme�ou R tou t�pou (2.27) [3]

1

l
= (r2 + r

02 � 2rr0 cos )�1=2 =
1

r

"
1 +

�
r
0

r

�2
� 2

r
0

r
cos 

#
�1=2

: (2.50)

Anapt�ssontac to 1=l se seir� sugkl�nousa gia r0 < r kat� tic auxan�menec
dun�meic tou r0=r �qoume

1

l
=

1

r

1X
n=0

�
r
0

r

�n
Pn(cos ); (2.51)

�pou Pn(cos ) parist�noun polu�numa bajmo� n wc proc cos kai e�nai gnwst�
wc polu�numa tou Legendre (Legendre polynomials) � ak�mh sfairik�c armo-
nik�c sunart�seic (spherical harmonic functions). Ta polu�numa aut� upo-
log�zontai ap� th sq�sh

Pn(t) =
1

2nn!

d(t2 � 1)n

dtn
; (2.52)

�pou t = cos .

Sthn pr�xh gia ton upologism� twn poluwn�mwn tou Legendre qrhsimo-
poie�tai o anadromik�c (recursive) t�poc

(n� 1)Pn+1(t) = (2n+ 1)tPn(t)� nPn�1(t): (2.53)

Me th bo�jeia tou t�pou (2.53) upolog�zetai to polu�numo tou Legendre

bajmo� n + 1, �tan e�nai gnwst� ta polu�numa bajmo� n � 1 kai n gia to
sugkekrim�no �risma t.

An  e�nai h sfairik� ap�stash metax� �lkontoc kai elk�menou shme�ou
ep�nw se mia monadia�a sfa�ra (r = 1) (Sq�ma 2.11), t�te

cos = cos# cos#0 + sin# sin#0 cos(�� �0): (2.54)

Me th bo�jeia thc (2.54) ta polu�numa tou Legendre ekfr�zontai sunart�sei
twn sfairik�n suntetagm�nwn (r; #; �) ap� th sq�sh
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Sq�ma 2.11: Sfairik� ap�stash metax� d�o shme�wn

Pn(cos ) = Pn(cos#)Pn(cos#
0)

+ 2

nX
m=1

(n�m)!

(n+m)!
[Pnm(cos#) cosm�Pnm(cos#

0) cosm�0

+ Pnm(cos#) sinm�Pnm(cos#
0) sinm�]; (2.55)

�pou oi n�ec sunart�seic Pnm(cos#) e�nai gnwst�c wc prosarthm�nec sunart�-
seic tou Legendre (associated Legendre functions) pr�tou e�douc (n= bajm�c/degree,
m = t�xh/order) kai upolog�zontai me diaf�rish tou poluwn�mou Pn(cos#) m
for�c

Pnm(t) = (1� t2)m=2 d
m

dtm
Pn(t): (2.56)

H prosarthm�nh sun�rthsh tou Legendre bajmo� n kai t�xhc 0 sump�ptei me
to polu�numo tou Legendre bajmo� n, dhl.

Pn0(t) = Pn(t): (2.57)

Sth sun�qeia d�nontai oi tim�c twn poluwn�mwn kai twn prosarthm�nwn su-
nart�sewn tou Legendre me �risma t = cos# pou antistoiqo�n stouc bajmo�c
n = 0; 1; 2 :

P0(t) = 1; P1(t) = cos#; P11(t) = sin#;

P2(t) =
1

2
(3 cos2 #� 1); P21 = 3 sin# cos#; P22(t) = 3 sin2 #:

Me antikat�stash thc (2.55) sth (2.51) prok�ptei to an�ptugma tou 1=l,
en� to zhto�meno an�ptugma tou dunamiko� sunart�sei twn sfairik�n sunte-
tagm�nwn (r; #; �) prok�ptei me antikat�stash twn (2.51) kai (2.55) sthn (2.27)
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V (r) =
G

r

1X
n=0

nX
m=0

k
(n�m)!

(n+m)!

:
1

rn

n
Pnm(cos#) cosm�

Z Z

�

Z
r
0n
Pnm(cos#

0) cosm�dm

+ Pnm(cos#) sinm�

Z Z

�

Z
r
0n
Pnm(cos#

0) sinm�0dm

o
; (2.58)

�pou

k =

n
1 
��m = 0

2 
��m 6= 0
:

Gia n = 0 h olokl�rwsh thc (2.58) d�nei to dunamik� thc m�zac M thc ghc
sugkentrwm�nhc sto k�ntro thc. An exaqje� o �roc aut�c wc koin�c par�gontac,
jewrhje� o meg�loc hmi�xonac tou elleiyoeido�c stajer�c kai qrhsimopoihjo�n
gia ta oloklhr�mata thc m�zac oi sumbolismo� Cnm; Snm ant�stoiqa, ant� thc
(2.58) prok�ptei h ak�loujh �kfrash, pou apotele� mia l�sh thc diaforik�c
ex�swshc tou Laplace

V (r) =
GM

r

"
1 +

1X
n=2

�
a

r

�n nX
m=0

(Cnm cosm�+ Snm sinm�)Pnm(cos#)

#
;

(2.59)
�pou

Cn0 = Cn =
1

M

Z Z

�

Z �
r
0

a

�n
Pn(cos#

0)dm;

(2.60)n
Cnm

Snm

o
=

2

M

(n�m)!

(n+m)!

Z Z

�

Z �
r
0

a

�n
Pn(cos#

0)

n
cosm�0

sinm�0

o
dm:

Gia thn perigraf� tou ped�ou bar�thtac qrhsimopoio�ntai sun�jwc oi pl�rwc
kanonikopoihm�nec sfairik�c armonik�c (fully normalized spherical harmo-

nics) oi opo�ec �qoun m�sh tetragwnik� tim� ep�nw sthn epif�neia thc ghc �sh
me th mon�da. Oi pl�rwc kanonikopoihm�nec prosarthm�nec sunart�seic Pnm

tou Legendre prok�ptoun ap� tic sunart�seic Pnm tou Legendre me th bo�jeia
thc sq�shc

Pnm(cos#) =

s
k(2n+ 1)(n�m)!

(n+m)!
Pnm(cos#); (2.61)
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en� oi pl�rwc kanonikopoihm�noi suntelest�c Cnm; Snm tou anapt�gmatoc tou
dunamiko� se sfairik�c armonik�c prok�ptoun ap� touc ant�stoiqouc sunte-
lest�c Cnm; Snm ap� th sq�sh

n
Cnm

Snm

o
=

s
(n+m)!

k(2n+ 1)(n�m)!

n
Cnm

Snm

o
; (2.62)

�pou o suntelest�c k �qei thn �dia shmas�a �pwc kai sth sq�sh (2.58).
To an�ptugma (2.59) sugkl�nei sto q�ro �xw ap� mia sfa�ra akt�nac r = a

pou perilamb�nei th gh. To an�ptugma aut� den isq�ei gia to eswterik� thc
ghc, �pou to dunamik�, ant� thc diaforik�c ex�swshc tou Laplace (2.37), ikano-
poie� th diaforik� ex�swsh tou Poisson (2.41). S�mfwna me to je�rhma Runge-
Krarup [4] �na t�toio an�ptugma se sugkl�nousa seir� sfairik�n armonik�n
sunart�sewn mpore� na isq�ei wc mia kal� pros�ggish tou ped�ou bar�thtac
ak�mh kai sto eswterik� thc sfa�rac r = a m�qri thn epif�neia thc ghc [1]. Oi
sunart�seic

Pnm(cos#) cosm�; Pnm(cos#) sinm�;

pou emfan�zontai sthn (2.59) e�nai gnwst�c wc epifaneiak�c sfairik�c armoni-
k�c sunart�seic tou Laplace (Laplace surface spherical harmonic functions) kai
perigr�foun th sumperifor� tou dunamiko� V sthn epif�neia thc monadia�ac
sfa�rac (r = 1). Ta shme�a �pou mhden�zontai oi sunart�seic aut�c (r�zec
twn antisto�qwn poluwn�mwn) diairo�n thn epif�neia thc sfa�rac se tome�c me
enallass�meno pr�shmo, me gewdaitik�c parall�louc kai meshmbrino�c [2].

Eidik�tera: H sunj�khm = 0 odhge� sthn eidik� per�ptwsh twn poluwn�mwn
tou Legendre Pn(cos#), ta opo�a e�nai polu�numa bajmo� n wc proc t = cos#,
anex�rthta tou �. Ta polu�numa aut� mhden�zontai se n shme�a sto di�sthma
0 � # � �, dhl. all�zoun pr�shmo n for�c sto di�sthma aut�. H gewmetrik�
touc par�stash fa�netai sto Sq�ma (2.12a), s�mfwna me thn opo�a diairo�n th
sfa�ra se z�nec kai gia to l�go aut� onom�zontai sfairik�c twn zwn�n (zonal
harmonics).

Gia m 6= 0 oi prosarthm�nec sunart�seic tou Legendre mhden�zontai n �m

for�c sto di�sthma 0 < # < � kai epeid� oi epifaneiak�c armonik�c pol-
laplasi�zontai ep� cosm� � sinm�, dhl. exart�ntai ap� to �, mhden�zontai
2m for�c sto di�sthma 0 � � � 2�. H gewmetrik� touc par�stash fa�netai
sto Sq�ma (2.12b), s�mfwna me thn opo�a diairo�n th sfa�ra se trapezoeide�c
epif�neiec kai gia to l�go aut� onom�zontai trapezoeide�c armonik�c (tesseral
harmonics).

T�loc, sthn per�ptwsh kat� thn opo�a m = n, h gewmetrik� par�stash anti-
stoiqe� se eke�nh tou Sq�matoc (2.12c), dhl. oi epifaneiak�c armonik�c diairo�n
th sfa�ra se tome�c, op�te onom�zontai sfairik�c twn tom�wn (sectorial har-
monics).

H an�ptuxh se sfairik�c armonik�c antistoiqe� me mia fasmatik� an�lush
twn qarakthristik�n tou ped�ou bar�thtac m�kouc k�matoc 360o=n (pou an-
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Sq�ma 2.12: Epifaneiak�c sfairik�c armonik�c tou Laplace sth monadia�a
sfa�ra. (a) P5(cos#), (b) P16(cos#) cos 9�, (c) P9(cos#) cos 9�

tistoiqe� se diakritik� ikan�thta 180o=n). Ta polu�numa Legendre (2.52) pa-
rist�noun �na ped�o summetrik� wc proc �xona peristrof�c, diair�ntac th sfa�ra
se z�nec kat� thn �nnoia tou pl�touc, �pou peritto� n shma�noun summetr�a wc
proc ton ishmerin�. O �roc mhdenik�c t�xhc antistoiqe� sto dunamik� miac omo-
geno�c � aktinik� diastrwmatwm�nhc ghc (sth 2.59 o �roc aut�c �qei exaqje� wc
koin�c par�gontac). Ap� thn �dia ex�swsh (2.59) e�nai profan�c �ti to ped�o exo-
mal�netai exait�ac tou par�gonta (a=r)n kaj�c aux�nei h tim� tou r. Oi leuk�c
epif�neiec antistoiqo�n se jetik� pr�shmo kai oi diagrammism�nec se arnhtik�.

To an�ptugma tou dunamiko� se sfairik�c armonik�c sunart�seic mpore�
ak�mh na prok�yei ap� th l�sh thc diaforik�c ex�swshc tou Laplace (2.37),
me thn pro�p�jesh �ti to dunamik� V ekfr�zetai se sfairik�c suntetagm�nec
(r; #; �).
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