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◆ MÈ· Û˘Ó¿ÚÙËÛË z=f(x, y) ‰‡Ô Ú·ÁÌ·ÙÈÎÒÓ ÌÂÙ·‚ÏËÙÒÓ x Î·È y ¤¯ÂÈ Â-
‰›Ô ÔÚÈÛÌÔ‡ ÙÔ �2 ‹ ÙÌ‹Ì· ·˘ÙÔ‡.
°È· ·Ú¿‰ÂÈÁÌ·, Ë Û˘Ó¿ÚÙËÛË z=�3�–�2�x�2�–�y�2� ÔÚ›˙ÂÙ·È fiÙ·Ó 2x2+y2≤3,
‰ËÏ·‰‹ ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ ÂÛˆÙÂÚÈÎfi Î·È Ù· ÛËÌÂ›· ÙË˜ ¤ÏÏÂÈ„Ë˜
2x2+y2=3.

ªÈ· Û˘Ó¿ÚÙËÛË ˆ=f(x, y, z) ÙÚÈÒÓ Ú·ÁÌ·ÙÈÎÒÓ ÌÂÙ·‚ÏËÙÒÓ ¤¯ÂÈ Â‰›Ô
ÔÚÈÛÌÔ‡ ÙÔ �3 ‹ ÙÌ‹Ì· ·˘ÙÔ‡.
°È· ·Ú¿‰ÂÈÁÌ·, Ë Û˘Ó¿ÚÙËÛË ˆ=x3+y3+z3–3xyz ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ �3.

◆ MÈ· ·ÎÔÏÔ˘ı›· ÛËÌÂ›ˆÓ

P1(x1, y1), P2(x2, y2), …, Pn(xn, yn), … 

ÙÔ˘ �2 Ï¤ÌÂ fiÙÈ ¤¯ÂÈ fiÚÈÔ ÙÔ ÛËÌÂ›Ô P(x, y), fiÙ·Ó ÁÈ¿ Î¿ıÂ Â>0 ˘¿Ú¯ÂÈ
n0�� ÒÛÙÂ ÁÈ· Î¿ıÂ n>n0 Ó· ÈÛ¯‡ÂÈ d(Pn, P)<Â.

◆ ŒÓ· ÛËÌÂ›Ô ª ÙÔ˘ Û˘ÓfiÏÔ˘ AÕ�Ó ÔÓÔÌ¿˙ÂÙ·È ÛËÌÂ›Ô Û˘ÛÛÒÚÂ˘ÛË˜
ÙÔ˘ ∞, fiÙ·Ó ÛÂ Î¿ıÂ ÂÚÈÔ¯‹ ÙÔ˘ ª ˘¿Ú¯ÂÈ ¤Ó· ÙÔ˘Ï¿¯ÈÛÙÔÓ ÛËÌÂ›Ô
ÙÔ˘ ∞ ‰È·ÊÔÚÂÙÈÎfi ÙÔ˘ ª. ¢È·ÊÔÚÂÙÈÎ¿, ÙÔ ª Ï¤ÁÂÙ·È ÌÂÌÔÓˆÌ¤ÓÔ ÛË-
ÌÂ›Ô ÙÔ˘ ∞.

◆ ŒÛÙˆ Ë Î·Ì‡ÏË C ÌÂ ·Ú·ÌÂÙÚÈÎ¤˜ ÂÍÈÛÒÛÂÈ˜ x=f(t) Î·È y=g(t), fiÔ˘
ÔÈ f, g Â›Ó·È Û˘ÓÂ¯Â›˜ Û˘Ó·ÚÙ‹ÛÂÈ˜ ÙÔ˘ t. ∞Ó ÔÈ f Î·È y Â›Ó·È ÂÚÈÔ‰ÈÎ¤˜
Û˘Ó·ÚÙ‹ÛÂÈ˜, ÙfiÙÂ Ë Î·Ì‡ÏË C Â›Ó·È ÎÏÂÈÛÙ‹.

π‰ÈfiÙËÙ·: ∏ ·ÎÔÏÔ˘ı›· ÛËÌÂ›ˆÓ (Pn) ¤¯ÂÈ fiÚÈÔ ÙÔ ÛËÌÂ›Ô P, ·Ó Î·È Ìfi-
ÓÔÓ ·Ó lim

nÆ•
xn=x Î·È lim

nÆ•
yn=y.

ŸÚÈÔ Î·È Û˘Ó¤¯ÂÈ· Û˘Ó¿ÚÙËÛË˜ ÔÏÏÒÓ ÌÂÙ·‚ÏËÙÒÓ1.1

11

1 ™˘Ó·ÚÙ‹ÛÂÈ˜ 
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◆

ÕÌÂÛË Û˘Ó¤ÂÈ· ÙÔ˘ ÔÚÈÛÌÔ‡ ·˘ÙÔ‡ Â›Ó·È Ë ÂÍ‹˜:

∏ f(x, y) ¤¯ÂÈ fiÚÈÔ l�� ÛÙÔ ÛËÌÂ›Ô ª0(x0, y0), ·Ó Î·È ÌfiÓÔÓ ·Ó ÁÈ· Î¿ıÂ
·ÎÔÏÔ˘ı›· (Mn) ÛËÌÂ›ˆÓ ÙÔ˘ Û˘ÓfiÏÔ˘ A–{M0} ÌÂ MnÆM0 ÈÛ¯‡ÂÈ
f(Mn)Æl.

∞fi ÙËÓ È‰ÈfiÙËÙ· ·˘Ù‹ ¤¯Ô˘ÌÂ Î·È Ù· ÂÍ‹˜ Û˘ÌÂÚ¿ÛÌ·Ù·, Ô˘ Ì·˜ ‚ÔË-
ıÔ‡Ó ÁÈ· Ó· ·Ô‰Â›ÍÔ˘ÌÂ fiÙÈ ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ lim

xÆx0
yÆy0

f(x, y).

·) ∞Ó ˘¿Ú¯ÂÈ ·ÎÔÏÔ˘ı›· (Pn) ÌÂ PnπP0) Î·È PnÆP0, ÂÓÒ Ë (f(Pn)) ‰ÂÓ
¤¯ÂÈ fiÚÈÔ, ÙfiÙÂ ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ lim

PÆP0

f(P).

‚) ∞Ó ˘¿Ú¯Ô˘Ó ·ÎÔÏÔ˘ı›Â˜ (Pn) Î·È (Pn¢) ÌÂ Pn, Pn¢πP0 Î·È lim
nÆ•

Pn=
=lim

nÆ•
Pn¢=P0, ÂÓÒ limf(Pn)πlimf(Pn¢), ÙfiÙÂ ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ lim

PÆP0

f(P).

πÛ¯‡Ô˘Ó fiÏÂ˜ ÔÈ È‰ÈfiÙËÙÂ˜ ÙÔ˘ ÔÚ›Ô˘ Û˘Ó¿ÚÙËÛË˜ ÌÈ·˜ ÌÂÙ·‚ÏËÙ‹˜ (ÎÚÈÙ‹-
ÚÈÔ ·ÚÂÌ‚ÔÏ‹˜, fiÚÈ· Î·È Ú¿ÍÂÈ˜ Î.Ï.).

◆

ŒÛÙˆ P0(x0, y0) ÛËÌÂ›Ô Û˘ÛÛÒÚÂ˘ÛË˜ ÙÔ˘ Â‰›Ô˘ ÔÚÈÛÌÔ‡ D ÙË˜ f(x, y).
∞Ó ÁÈ· Î¿ıÂ xπx0 ˘¿Ú¯ÂÈ ÙÔ lim

yÆy0
f(x, y), ÙfiÙÂ ·˘Ùfi Â›Ó·È Û˘Ó¿ÚÙËÛË ÙÔ˘

x Î·È ·Ó ˘¿Ú¯ÂÈ ÙÔ lim
xÆx0

( lim
yÆy0

f(x, y)), ·˘Ùfi Ï¤ÁÂÙ·È ‰ÈÏfi fiÚÈÔ ÙË˜ f ÛÙÔ

’∆· fiÚÈ· lim
xÆx0

( lim
yÆy0

f(x, y)) Î·È lim
yÆy0

( lim
xÆx0

f(x, y))

√ÚÈÛÌfi˜: ŒÛÙˆ Û˘Ó¿ÚÙËÛË z=f(x, y) ÌÂ Â‰›Ô ÔÚÈÛÌÔ‡ ∞Õ�2 Î·È
M(x0, y0) ÛËÌÂ›Ô Û˘ÛÛÒÚÂ˘ÛË˜ ÙÔ˘ ∞.

§¤ÌÂ fiÙÈ Ë f ¤¯ÂÈ fiÚÈÔ l�� ÛÙÔ ÛËÌÂ›Ô ª0(x0, y0) Î·È ÁÚ¿ÊÔ˘ÌÂ

lim
xÆx0
yÆy0

f(x, y) = ll ‹   lim
MÆM0

f(x, y) = l   (M(x, y)�A)

fiÙ·Ó ÁÈ· Î¿ıÂ Â>0 ˘¿Ú¯ÂÈ ‰>0 ÒÛÙÂ ÁÈ· Î¿ıÂ

ª�∞   ÌÂ   0 < (ªª0) < ‰   Ó· ÈÛ¯‡ÂÈ   |f(x, y)–l| < Â.

∏ Û˘Óı‹ÎË 0<(ªª0)<‰ ÁÚ¿ÊÂÙ·È Î·È ˆ˜ ÂÍ‹˜:

0 < |x–x0| < ‰   Î·È   0 < |y–y0| < ‰.

ŸÚÈÔ Û˘Ó¿ÚÙËÛË˜ ‰‡Ô ÌÂÙ·‚ÏËÙÒÓ
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P0(x0, y0).

√ÌÔ›ˆ˜ ÔÚ›˙ÂÙ·È ÙÔ lim
yÆy0

[ lim
xÆx0

f(x, y)].

∏ ‡·ÚÍË ·˘ÙÒÓ ÙˆÓ ‰ÈÏÒÓ ÔÚ›ˆÓ ‰Â ÛËÌ·›ÓÂÈ fiÙÈ ˘¿Ú¯ÂÈ ÙÔ lim
xÆx0
yÆy0

f(x, y).

√ÌÔ›ˆ˜, Ë ‡·ÚÍË ÙÔ˘ lim
xÆx0
yÆy0

f(x, y) ‰Â ÛËÌ·›ÓÂÈ ÙËÓ ‡·ÚÍË ‰ÈÏÒÓ ÔÚ›ˆÓ
ÙË˜ f.

πÛ¯‡ÂÈ Ë ÂÍ‹˜ ÚfiÙ·ÛË:

∞Ó ˘¿Ú¯Ô˘Ó Ù· ‰ÈÏ¿ fiÚÈ· Î·È ÙÔ lim
PÆP0

f(P), ÙfiÙÂ Ù· ‰ÈÏ¿ fiÚÈ· Â›Ó·È ›Û·.

◆

∏ Û˘Ó¿ÚÙËÛË f :DÆ� (DÕ�n) Ï¤ÁÂÙ·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛËÌÂ›Ô P0�D, fiÙ·Ó
ÁÈ· Î¿ıÂ Â>0 ˘¿Ú¯ÂÈ ‰>0, ÒÛÙÂ ÁÈ· Î¿ıÂ P�D ÌÂ (PP0)<‰ Ó· ÈÛ¯‡ÂÈ
|f(P)–f(P0)|<Â.

� H f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÂ Î¿ıÂ ÌÂÌÔÓˆÌ¤ÓÔ ÛËÌÂ›Ô ÙÔ˘ D.

� H f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛËÌÂ›Ô Û˘ÛÛÒÚÂ˘ÛË˜ P0�D, ·Ó Î·È ÌfiÓÔÓ ·Ó
ÈÛ¯‡ÂÈ

™˘ÓÂ¯Â›˜ Û˘Ó·ÚÙ‹ÛÂÈ˜ ÛÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Â›Ó·È:

i) ÔÈ ÔÏ˘ˆÓ˘ÌÈÎ¤˜, fiˆ˜ .¯. Ë f(x, y) = 3x2 – 4yx + y3

ii) ÔÈ ÚËÙ¤˜, fiˆ˜ .¯. Ë f(x, y, z) = �
x2 +

2x

y

y
2

z

– z2�

iii) ÔÈ Ú¿ÍÂÈ˜ Û˘ÓÂ¯ÒÓ Û˘Ó·ÚÙ‹ÛÂˆÓ

iv) ÔÈ fÓ, �
Ó
f�, |f|, fiÙ·Ó Ë f Â›Ó·È Û˘ÓÂ¯‹˜ fiˆ˜ .¯. Ë

f(x, y) = (3x–y)4 + �5 �
x

1�y
��

v) Ë Û‡ÓıÂÛË Û˘ÓÂ¯ÒÓ Û˘Ó·ÚÙ‹ÛÂˆÓ

lim
PÆP0

f(P) = f(P0)

™˘Ó¤¯ÂÈ· Û˘Ó¿ÚÙËÛË˜ ÔÏÏÒÓ ÌÂÙ·‚ÏËÙÒÓ

∞Ó lim
xÆx0

( lim
yÆy0

f(x, y))πlim
yÆy0

( lim
xÆx0

f(x, y)), ÙfiÙÂ ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ lim
PÆP0

f(P).

� ¶fiÚÈÛÌ·
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vi) ÔÈ ÙÚÈÁˆÓÔÌÂÙÚÈÎ¤˜, ÔÈ ÂÎıÂÙÈÎ¤˜ Î·È ÔÈ ÏÔÁ·ÚÈıÌÈÎ¤˜ Û˘Ó·ÚÙ‹ÛÂÈ˜,
fiˆ˜ .¯. Ë f(x, y) = ln(x2+y2) – ËÌ3(x–y).

¡· ÂÍÂÙ¿ÛÂÙÂ ·Ó ˘¿Ú¯ÂÈ ÙÔ fiÚÈÔ

.

ñ lim
xÆ0 �limyÆ0 � = lim

xÆ0 ��x
3

x

+
2

x2

�� = lim
xÆ0

(x+1) = 1

ñ lim
yÆ0 �limxÆ0 � = lim

yÆ0 ��y
3

y

–
2

y2

�� = lim
yÆ0

(y–1) = –1.

∂ÂÈ‰‹ lim
xÆ0

(lim
yÆ0

f(x, y)) π lim
yÆ0

(lim
xÆ0

f(x, y)), ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ lim
xÆ0
yÆ0

f(x, y).

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ: lim
xÆ0
yÆ0

�
xy

x

(
2

x

+

2–

y

y
2

2)
� = 0.

£· ÂÊ·ÚÌfiÛÔ˘ÌÂ ÙÔÓ ÔÚÈÛÌfi ÙÔ˘ ÔÚ›Ô˘.

ŒÛÙˆ f(x, y) = �
xy

x

(
2

x

+

2–

y

y
2

2)
� , fiÔ˘ (x, y)��2–{(0, 0)}.

°È· Î¿ıÂ Â>0 ıÂˆÚÔ‡ÌÂ ÙËÓ ·ÓÈÛfiÙËÙ· |f(x, y)–0|<Â Î·È ÂÍÂÙ¿˙Ô˘ÌÂ ·Ó
˘¿Ú¯ÂÈ ‰>0 ÒÛÙÂ ÔÈ ·ÓÈÛfiÙËÙÂ˜ 0< |x–0|<‰ Î·È 0< |y–0|<‰ Ó· ‰›ÓÔ˘Ó
ÙËÓ |f(x, y)–0|<Â (‹ Ë ·ÓÈÛfiÙËÙ· 0<�x�2�+� y�2�<‰ Ó· ‰›ÓÂÈ ÙËÓ |f(x, y)–0|<Â).
∂›Ó·È

|f(x, y)–0| = �xy �
x

x
2

2

+

– y

y

2

2�� ≤ |xy| = |x|Ø|y|,   ·ÊÔ‡   ��x
x
2

2

+

– y

y2

2

�� ≤ 1. 

Afi‰ÂÈÍË

1.1.2ÕÛÎËÛË

x3 + y3 + x2 – y2

��
x2 + y2

x3 + y3 + x2 – y2

��
x2 + y2

§‡ÛË

x3 + y3 + x2 – y2

��
x2 + y2

lim
(x, y)Æ(0, 0)

1.1.1ÕÛÎËÛË

YÔ‰ÂÈÁÌ·ÙÈÎ¤˜ ·ÛÎ‹ÛÂÈ˜ ÔÚ›Ô˘ Î·È Û˘Ó¤¯ÂÈ·˜
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ŒÙÛÈ, ·Ó ¿ÚÔ˘ÌÂ ‰=�Â�>0, ÙfiÙÂ ÁÈ· Î¿ıÂ (x, y)��2–{(0, 0)} ÌÂ |x|<‰ Î·È
|y|<‰ ÈÛ¯‡ÂÈ |f(x, y)–0|<Â, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ f(x, y)=0.

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë Û˘Ó¿ÚÙËÛË f(x, y) = ‰ÂÓ ¤¯ÂÈ fiÚÈÔ fiÙ·Ó
(x, y)Æ(0, 0).

ñ ¶·Ú·ÙËÚÔ‡ÌÂ fiÙÈ

lim
xÆ0 �limyÆ0

�
x2

x

+

y

y2�� = lim
xÆ0

0 = 0   Î·È   lim
yÆ0 �limxÆ0

�
x2

x

+

y

y2�� = lim
yÆ0

0 = 0

ÔfiÙÂ ‰Â Û˘ÌÂÚ·›ÓÔ˘ÌÂ ÁÈ· ÙËÓ ‡·ÚÍË ‹ ÌË ÙÔ˘ f(x, y).

ñ £· ‚ÚÔ‡ÌÂ ‰‡Ô ·ÎÔÏÔ˘ı›Â˜ (Pn) Î·È (Pn¢) ÌÂ limPn=limPn¢=(0, 0), ¤ÙÛÈ
ÒÛÙÂ Ó· ÈÛ¯‡ÂÈ

limf(Pn) π limf(Pn¢).

¢‡Ô Ù¤ÙÔÈÂ˜ ·ÎÔÏÔ˘ı›Â˜, ÁÈ· ·Ú¿‰ÂÈÁÌ·, Â›Ó·È ÔÈ

Pn = ��
n

1
� , 0� Î·È   Pn¢= ��

n

1
� , �

n

1
�� .

Œ¯Ô˘ÌÂ:

f(Pn) = = 0Æ0   Î·È   f(Pn¢) = = �
1

2
� Æ �

1

2
� .

ÕÚ·, ‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ fiÚÈÔ ÙË˜ f(x, y) ÛÙÔ ÛËÌÂ›Ô (0, 0).

¡· ‚ÚÂ›ÙÂ ÙÔ fiÚÈÔ ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x, y) = �
x

x
2

3

+

+

y

y
2

3

� ÛÙÔ ÛËÌÂ›Ô (0, 0).

ªÂ ÙÔ ÌÂÙ·Û¯ËÌ·ÙÈÛÌfi ÛÂ ÔÏÈÎ¤˜ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ x=ÚÛ˘Óı, y=ÚËÌı
¤¯Ô˘ÌÂ

§‡ÛË

1.1.4ÕÛÎËÛË

�
n

1
� Ø �

n

1
�

�

�
n

1
2
� + �

n

1
2
�

�
n

1
� Ø 0

�

�
n

1
2
� +0

lim
(x, y)Æ(0, 0)

Afi‰ÂÈÍË

xy
�
x2 + y2

1.1.3ÕÛÎËÛË

lim
(x, y)Æ(0, 0)
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f(x, y) = = Ú(Û˘Ó3ı+ËÌ3ı) .

∞Ó (x, y)Æ(0, 0), ÙfiÙÂ ÚÆ0 Î·È ı�[0, 2).
∂ÂÈ‰‹ |f(x, y)| = Ú|Û˘Ó3ı+ËÌ3ı| < 2Ú   Î·È   lim

ÚÆ0
2Ú = 0,

ÚÔÎ‡ÙÂÈ fiÙÈ
f(x, y) = 0

‚¢ÙÚfiÔ˜:

|f(x, y)| = ��xx
3

2

+

+

y

y

3

2�� ≤ ��x2

x

+

3

y2�� + ��x2

y

+

3

y2�� ≤ ��
x

x

3

2�� + ��
y

y

3

2�� = |x| + |y|

Î·È ÂÂÈ‰‹ (|x|+ |y|)=0, ÚÔÎ‡ÙÂÈ fiÙÈ f(x, y) =0.

¡· ÌÂÏÂÙËıÂ› ˆ˜ ÚÔ˜ ÙË Û˘Ó¤¯ÂÈ· Ë Û˘Ó¿ÚÙËÛË

f(x, y) = � .

∏ f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÂ Î¿ıÂ ÛËÌÂ›Ô (x, y)��2 ÌÂ xπ0 Î·È yπ0. ∂ÍÂÙ¿˙Ô˘-
ÌÂ ÙË Û˘Ó¤¯ÂÈ· ÛÙÔ ÛËÌÂ›Ô (x, y)= (0, 0). £· Ú¤ÂÈ ‰ËÏ·‰‹ Ó· ‚ÚÔ‡ÌÂ

§‡ÛË

xØËÌ �
1

y
� + yØËÌ �

1

x
� ,  ·Ó  xØy π 0

0 ,  ·Ó  (x, y) = (0, 0)

1.1.5ÕÛÎËÛË

√È Û˘ÓÂ¯Â›˜ Û˘Ó·ÚÙ‹ÛÂÈ˜ f(x, y) ¤¯Ô˘Ó fiÚÈÔ ÛÙÔ (x0, y0) ÙÔ f(x0, y0), ÂÊfiÛÔÓ
(x0, y0)�Df.

ŒÙÛÈ, .¯. ¤¯Ô˘ÌÂ

i) lim
xÆ0

(x3+y3–ËÌxy) = 03 + ��


2
��

3
– ËÌ�0 Ø �



2
�� = �



8

3

� .

yÆ �

2

�

ii) lim
xÆ0
yÆ0

[ex–y3Øln(x2+y2+1)] = e0Øln1 = 0.

� ™¯fiÏÈÔ:

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

Ú3Û˘Ó3ı + Ú3ËÌ3ı
���
Ú2Û˘Ó2ı + Ú2ËÌ2ı
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ÙÔ f(x, y) Î·È Ó· ‰È·ÈÛÙÒÛÔ˘ÌÂ ·Ó Â›Ó·È ›ÛÔ ÌÂ ÌË‰¤Ó ‹ fi¯È.

Œ¯Ô˘ÌÂ

|f(x, y)| = �xËÌ �
1

y
� + yËÌ �

1

x
�� ≤ |x|�ËÌ �

1

y
�� + |y|�ËÌ �

1

x
�� ≤ |x| + |y|

Î·È (ΩxΩ+ΩyΩ) = 0.

∂ÔÌ¤Óˆ˜ f(x, y)=0=f(0, 0), ‰ËÏ·‰‹ Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛË-

ÌÂ›Ô (0, 0).

¡· ‚ÚÂ›ÙÂ ÙÔ fiÚÈÔ ÙˆÓ ·Ú·Î¿Ùˆ Û˘Ó·ÚÙ‹ÛÂˆÓ ÛÙÔ ÛËÌÂ›Ô (0, 0).

·) f(x, y) = �
(x+1)

y

2ËÌy
� + �

Ë

Ë

Ì

Ì

x

(

Ø
x

Ë

y

Ì

)

y
� ‚) f(x, y) = xyln(x2+y2)

Á) f(x, y) = �
x2

x|
+

y|3

y2� ‰) f(x, y) = (x2+y2)ØËÌ��x2

1

+ y2�� .

·) f(x, y) = (x+1)2Ø �
Ë

y

Ìy
� + .

∂ÂÈ‰‹  lim
xÆ0

�
Ë

x

Ìx
� = lim

yÆ0
�
Ë

y

Ìy
� = lim

xÆ0
yÆ0

�
ËÌ

x

(

y

xy)
� = 1,

Û˘ÌÂÚ·›ÓÔ˘ÌÂ fiÙÈ lim
xÆ0
yÆ0

f(x, y) = (0+1)2Ø1 + �
1

1

Ø1
� = 2.

‚) ∆Ô fiÚÈÔ ¤¯ÂÈ ÙËÓ ·ÚÔÛ‰ÈfiÚÈÛÙË ÌÔÚÊ‹ 0Ø(–• ). ªÂ ÙÔ ÌÂÙ·Û¯ËÌ·ÙÈÛÌfi
x=ÚÛ˘Óı, y=ÚËÌı ¤¯Ô˘ÌÂ

f(ÚÛ˘Óı, ÚËÌı) = Ú2ËÌıÛ˘ÓıØlnÚ2 = ËÌıÛ˘ÓıØ(Ú2lnÚ2)

= (2ËÌıÛ˘Óı)Ø(Ú2lnÚ) = ËÌ2ıØ(Ú2lnÚ).

AÓ (x, y)Æ(0, 0), ÙfiÙÂ ÚÆ0 Î·È ı�[0, 2n)

ñ °È· Î¿ıÂ ı ÈÛ¯‡ÂÈ |ËÌ2ı|≤1.

�
ËÌ

x

(

y

xy)
�

��
�
Ë

x

Ìx
� Ø �

Ë

y

Ìy
�

§‡ÛË

1.1.6ÕÛÎËÛË

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

™YNAPTH™EI™ ¶O§§øN METAB§HTøN M ¤ Ú Ô ˜  1

17

17

17



ñ lim
ÚÆ0

(Ú2lnÚ) = lim
ÚÆ0 ��

0

0
�� = lim

ÚÆ0
= lim

ÚÆ0
= lim

ÚÆ0 ��
–

2

Ú2

�� = 0.

∂ÔÌ¤Óˆ˜ lim
xÆ0
yÆ0

f(x, y) = 0.

Á) ªÂ x=ÚÛ˘Óı Î·È y=ÚËÌı ¤¯Ô˘ÌÂ

f(ÚÛ˘Óı, ÚËÌı) = �
ÚÛ˘ÓıØ

Ú

Ú
2

3|ËÌı|3
� = Ú2Û˘Óı|ËÌı|3

|f(ÚÛ˘Óı, ÚËÌı)| ≤ Ú2 Î·È   lim
ÚÆ0

Ú2 = 0.

ÕÚ· lim
xÆ0
yÆ0

f(x, y) = 0.

‚¢ÙÚfiÔ˜

|f(x, y)| = �
x

|x
2

|Ø
+

|y
y

|3
2� ≤ �

|x|
y

Ø|
2

y3|
� = |x|Ø|y| Î·È   lim

xÆ0
yÆ0

(|x|Ø|y|) = 0,

ÔfiÙÂ Î·È lim
xÆ0
yÆ0

f(x, y) = 0.

‰) |f(x, y)| = (x2+y2)�ËÌ��x2

1

+ y2��� ≤ x2 + y2 Î·È   lim
xÆ0
yÆ0

(x2+y2) = 0.

ÕÚ·  lim
xÆ0
yÆ0

f(x, y) = 0.

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë Û˘Ó¿ÚÙËÛË

f(x, y) = �
Â›Ó·È Û˘ÓÂ¯‹˜ Û’ fiÏÔ ÙÔ xy– Â›Â‰Ô.

§‡ÛË

3x5 – 6x3y2 + 3y5

��������� ,  ·Ó  (x, y) π (0, 0)
(x2+y2)2 

0 ,  ·Ó  (x, y) = (0, 0)

1.1.7ÕÛÎËÛË

�
1
Ú�

�

�
–

Ú

2
3�

(lnÚ)¢
�

��
Ú

1
2
��¢

lnÚ
�

�
Ú

1
2
�
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ñ ∏ f(x, y) Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ �2–{(0, 0)} ˆ˜ ÚËÙ‹ Û˘Ó¿ÚÙËÛË.

ñ ∂ÍÂÙ¿˙Ô˘ÌÂ ÙË Û˘Ó¤¯ÂÈ· ÛÙÔ ÛËÌÂ›Ô (0, 0)

£· ·Ô‰Â›ÍÔ˘ÌÂ fiÙÈ

lim
xÆ0
yÆ0

f(x, y) = 0 = f(0, 0).

¶Ú¿ÁÌ·ÙÈ:

|f(x, y)| = ≤ =

= .

∂ÂÈ‰‹ |x| ≤ �x�2�+� y�2� Î·È  |y| ≤ �x�2�+� y�2�, 

¤¯Ô˘ÌÂ |f(x, y)| ≤ =3�x�2+�y�2�.

AÏÏ¿ lim
xÆ0
yÆ0

(3�x�2�+� y�2�)=0

ÎÈ ÂÔÌ¤Óˆ˜ lim
xÆ0
yÆ0

f(x, y) = 0, 

Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë f Â›Ó·È Û˘ÓÂ¯‹˜ Î·È ÛÙÔ (0, 0).

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ ÔÈ ·Ú·Î¿Ùˆ Û˘Ó·ÚÙ‹ÛÂÈ˜ ‰ÂÓ ¤¯Ô˘Ó fiÚÈÔ ÛÙÔ ÛËÌÂ›Ô (0, 0).

·) f(x, y) = �
x4 +

x

y4� , ‚) f(x, y) = �
x

x
2

2

+

– y

y

2

2� , Á) f(x, y) = �
x

x

+
2

y

–

+

y2

1
� .

·) £ÂˆÚÔ‡ÌÂ ÙÈ˜ ·ÎÔÏÔ˘ı›Â˜

Pn = �0, �
n

1
��Æ(0, 0)   Î·È   Pn¢= ��

n

1
� , �

n

1
��Æ(0, 0)

§‡ÛË

1.1.8ÕÛÎËÛË

3�x�2+�y�2�(x4+2x2y2+y4)
���

(x2+y2)
2

3(x4|x|+2x2y2|x|+y4|y|)
���

(x2+y2)2

3|x|5 + 6|x|3Ø |y|2 + 3|y|5
���

(x2+y2)2
|3x5–6x3y2+3y5|
��

(x2+y2)2
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ñ f(Pn) = = 0Æ0

ñ f(Pn¢) = = = �
n

2

3

�Æ+•

ÕÚ·, Ë f(x, y) ‰ÂÓ ¤¯ÂÈ fiÚÈÔ ÛÙÔ ÛËÌÂ›Ô (0, 0).

‚) °È· ÙÈ˜ ›‰ÈÂ˜ ·ÎÔÏÔ˘ı›Â˜ ‚Ú›ÛÎÔ˘ÌÂ

f(Pn) = –1Æ–1   Î·È   f(Pn¢) = 0Æ0.

Á) °È· ÙÈ˜ ·ÎÔÏÔ˘ı›Â˜

Pn = �0, �
n

1
��Æ(0, 0)   Î·È   Pn¢= ��

n

2
� , �

n

1
��Æ(0, 0)

¤¯Ô˘ÌÂ

ñ f(Pn) = = –n2��
n

1
� + 1� = –n – n2Æ–•

ñ f(Pn¢) = = = �
n

3

2

� ��
n

3
� + 1� = n + �

n

3

2

�Æ+•

ÕÚ·, Ë f(x, y) ‰ÂÓ ¤¯ÂÈ fiÚÈÔ ÛÙÔ ÛËÌÂ›Ô (0, 0).

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ

·) Ë Û˘Ó¿ÚÙËÛË f(x, y) = �
xËÌ

x

x
2

+

+

y

y2

ËÌy
� ÂÂÎÙÂ›ÓÂÙ·È Û˘ÓÂ¯Ò˜ Û’ fiÏÔ ÙÔ �2.

‚) = 1.

§‡ÛË

xËÌx + yËÌy + zËÌz
���

x2 + y2 + z2lim
(x, y, z)Æ(0, 0, 0)

1.1.9ÕÛÎËÛË

�
n

3
� + 1

�

�
n

3
2
�

�
n

2
� + �

n

1
� + 1

��

�
n

4
2
� – �

n

1
2
�

�
n

1
� + 1

�

– �
n

1
2
�

�
n

1
�

�

�
n

2
4
�

�
n

1
�

�

�
n

1
4
� + �

n

1
4
�

0
��

04 + ��
n

1
��

4
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= ËÌx�1 – �
x2 + y

y
2

2

+ z2� – �
x2 +

z

y

2

2 + z2�� + �
ËÌ

y

y
� Ø �

x2 + y

y
2

2

+ z2�

+ �
Ë

z

Ìz
� Ø �

x2 + y

z2

2 + z2�

= �
ËÌ

x

x
� + ��

ËÌ

y

y
� – �

ËÌ

x

x
�� Ø �

x2 +

y

y

2

2 + z2� + ��
ËÌ

z

z
� – �

Ë

x

Ìx
�� Ø �

x2 +

z

y

2

2 + z2�

ÎÈ ÂÔÌ¤Óˆ˜ = 1.

¡· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë Û˘Ó¿ÚÁËÛË f(x, y) = ‰ÂÓ ÂÂÎÙÂ›ÓÂÙ·È Û˘ÓÂ-

¯Ò˜ ÛÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ.

£· ·Ô‰Â›ÍÔ˘ÌÂ fiÙÈ Ë f(x, y) ‰ÂÓ ¤¯ÂÈ fiÚÈÔ ÛÙÔ (x, y)=(0, 0).

·¢ÙÚfiÔ˜

lim
xÆ0

[lim
yÆ0

f(x, y)] = lim
xÆ0

�
x

x

4

4� = 1π lim
yÆ0

[lim
xÆ0

f(x, y)] = lim
yÆ0

�
–

y

y
4

4

� = –1.

‚¢ÙÚfiÔ˜

°È· ÙÈ˜ ·ÎÔÏÔ˘ı›Â˜ Pn = ��
n

1
� , 0�Æ(0, 0) Î·È Pn¢= �0, �

n

1
��Æ(0, 0), 

¤¯Ô˘ÌÂ f(Pn) = 1Æ1 Î·È f(Pn¢) = –1Æ–1.

¡· ÌÂÏÂÙËıÔ‡Ó ˆ˜ ÚÔ˜ ÙË Û˘Ó¤¯ÂÈ· ÔÈ Û˘Ó·ÚÙ‹ÛÂÈ˜

·) f(x, y) = � .

‚) f(x, y) = � .
yØËÌ��

1

x
�� ,  ·Ó  x π 0

0 ,  ·Ó  x = 0

xyØ(x2+y2)
– �

1

2
�

,  ·Ó  (x, y) π (0, 0)

0 ,  ·Ó  (x, y) = (0, 0)

1.1.11ÕÛÎËÛË

§‡ÛË

x4 – y4

�
x4 + y4

1.1.10ÕÛÎËÛË

lim f(x, y, z)
(x, y, z)Æ(0, 0, 0)
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Á) f(x, y) = � .

·) ∏ f(x, y) = Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ �2– {(0, 0)} ˆ˜ ËÏ›ÎÔ Û˘ÓÂ¯ÒÓ
Û˘Ó·ÚÙ‹ÛÂˆÓ.

∂›Ó·È Û˘ÓÂ¯‹˜ Î·È ÛÙÔ ÛËÌÂ›Ô (0, 0), ÂÂÈ‰‹ ÈÛ¯‡ÂÈ

|f(x, y)| = �
�x�

|
2

x

�
y

+�
|

y�2�
� ≤ �

2�
|x

|

|

x�
|y

||

|

y�|�
� (·ÊÔ‡ x2+y2≥2|x||y|)

‹ |f(x, y)| ≤ �
1

2
� �|x�||y�|� Î·È   = 0 = f(0, 0),

ÔfiÙÂ f(x, y) = 0 = f(0, 0).

‚) ™˘ÓÂ¯‹˜ ÛÂ Î¿ıÂ ÛËÌÂ›Ô (x, y) ÌÂ xπ0.

∂›Ó·È: f(x, y) = �yËÌ��
1

x
��� = 0, 

ÁÈ·Ù› �yËÌ��
1

x
��� ≤ |y| Î·È   lim

yÆ0
|y| = 0.

ÕÚ·, Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ (0, 0).

∂›ÛË˜, Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÂ Î¿ıÂ ÛËÌÂ›Ô (0, y), ˆ˜ ÛÙ·ıÂÚ‹.

Á) ∏ f(x, y), ˆ˜ ÚËÙ‹, Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ �2–{(0, 0)}.

|f(x. y)| = �
|x
x

y
2

(x

+

+

y

y
2

)|
� = �

|x|
x

|y
2

|Ø(
+

|x
y

+
2

y|)
� ≤ �

|x||
x

y
2

|(|
+

x|+
y2

|y|)
� ≤ �

1

2
� (|x|+ |y|)

(·ÊÔ‡ x2+y2≥2|x||y|)

Î·È lim
xÆ0
yÆ0

�
1

2
� (|x|+ |y|) = 0.

∂ÔÌ¤Óˆ˜ lim
xÆ0
yÆ0

f(x, y) = 0 = f(0, 0), ‰ËÏ·‰‹ Ë f Â›Ó·È Û˘ÓÂ¯‹˜ Î·È ÛÙÔ ÛË-

ÌÂ›Ô (0, 0).

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

lim �
1

2
��|x�||y�|�

(x, y)Æ(0, 0)

xy
��
�x�2�+� y�2�

§‡ÛË

�
x2

x2

y +

+

x

y

y
2

2

� ,  ·Ó  x2 + y2 π 0

0 ,  ·Ó  x = y = 0
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¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË f(x, y) = �
x4

x

+

2y

y2� .

i) µÚÂ›ÙÂ ÙÔ fiÚÈÔ ÙË˜ f ÁÈ· (x, y)Æ(0, 0) fiÙ·Ó

·) ÙÔ (x, y) ÎÈÓÂ›Ù·È Â› ÙË˜ ·Ú·‚ÔÏ‹˜ y=x2

‚) ÙÔ (x, y) ÎÈÓÂ›Ù·È Â› ÙË˜ ·Ú·‚ÔÏ‹˜ y=2x2.

ii) À¿Ú¯ÂÈ ÙÔ f(x, y);

i) ·) °È· y=x2 Â›Ó·È

f(x, y) = f(x, x2) = �
x

x
4

2

+

Øx
x

2

4� = �
1

2
� Æ �

1

2
� .

‚) °È· y=2x2 Â›Ó·È

f(x, y) = f(x, 2x2) = �
x

x
4

2

+

Ø2
4

x

x

2

4� = �
2

5
� Æ �

2

5
� .

ii) ∞fi ÙÔ (i) ·Ú·ÙËÚÔ‡ÌÂ fiÙÈ Ë f(x, y) ¤¯ÂÈ ‰‡Ô ‰È·ÊÔÚÂÙÈÎ¿ fiÚÈ· Î·È ¿Ú·
‰ÂÓ ˘¿Ú¯ÂÈ ÙÔ f(x, y).

°È· ÙË Û˘Ó¿ÚÙËÛË f(x, y) =  �
Ó· ·Ô‰Â›ÍÂÙÂ fiÙÈ

·) Â›Ó·È ÌÂÚÈÎÒ˜ Û˘ÓÂ¯‹˜ ˆ˜ ÚÔ˜ ÙÈ˜ ÌÂÙ·‚ÏËÙ¤˜ x Î·È y,

‚) ‰ÂÓ Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛËÌÂ›Ô (0, 0).

·) ∏ f(x, y) Ï¤ÁÂÙ·È Û˘ÓÂ¯‹˜ ÛÙÔ (·, ‚) ˆ˜ ÚÔ˜ x fiÙ·Ó lim
xxÆ··

f(x, ‚)=f(·, ‚).

ŒÙÛÈ, ¤¯Ô˘ÌÂ:

ñ lim
xÆ0

f(x, 0) = lim
xÆ0

0 = 0 = f(0, 0)

ñ lim
yÆ0

f(y, 0) = 0 = f(0, 0).

§‡ÛË

�
x2

2

+

xy

y2� ,  (x, y) π (0, 0)

0 ,  (x, y) = (0, 0)

1.1.13ÕÛÎËÛË

lim
(x, y)Æ(0, 0)

§‡ÛË

lim
(x, y)Æ(0, 0)

1.1.12ÕÛÎËÛË
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‚) °È· ÙÈ˜ ·ÎÔÏÔ˘ı›Â˜ Pn = ��
n

1
� , 0�Æ(0, 0) Î·È Pn¢= ��

n

1
� , �

n

1
��Æ(0, 0) ¤¯Ô˘ÌÂ

lim
nÆ+•

f(Pn) = lim
nÆ+•

0 = 0

lim
nÆ+•

f(Pn¢) = lim
nÆ•

= = 1.

ÕÚ·, ‰ÂÓ ˘¿Ú¯ÂÈ fiÚÈÔ ÙË˜ f(x, y) ÛÙÔ (0, 0) Î·È ÁÈ’ ·˘Ùfi Â›Ó·È ·Û˘ÓÂ¯‹˜
ÛÙÔ ÛËÌÂ›Ô ·˘Ùfi.

‚¢ÙÚfiÔ˜

∞Ó ÙÔ ÛËÌÂ›Ô (x, y) ÙÂ›ÓÂÈ ÛÙÔ (0, 0) ÎÈÓÔ‡ÌÂÓÔ Î·Ù¿ Ì‹ÎÔ˜ ÙË˜ Â˘ıÂ›·˜
y=·x, ·π0, ÙfiÙÂ

f(x, y) = �
x2

2

+

xØ
·

·
2

x

x2� = �
1

2

+

·

·2� ,

ÔfiÙÂ ÁÈ· ‰‡Ô ‰È·ÊÚÂÙÈÎ¤˜ ÙÈÌ¤˜ ÙÔ˘ · Ë f(x, y) ¤¯ÂÈ ‰‡Ô ‰È·ÊÔÚÂÙÈÎ¿ fiÚÈ·.
ÕÚ·, Ë f(x, y) ‰ÂÓ ¤¯ÂÈ fiÚÈÔ ÛÙÔ (0, 0).

¡· ÂÍÂÙ¿ÛÂÙÂ ·Ó ¤¯ÂÈ fiÚÈÔ ÛÙÔ (0, 0) Ë ‰È·Ó˘ÛÌ·ÙÈÎ‹ Û˘Ó¿ÚÙËÛË

br(x, y) = ��
1 – c

x

o
2

s�
+

x�
y

2

2

�+� y�2�
�� B i + ��xsin

x

x
2 +

+

y

y
2

siny
�� B j.

∏ ‰È·Ó˘ÛÌ·ÙÈÎ‹ Û˘Ó¿ÚÙËÛË

br(x, y) = f(x, y) B i + g(x, y)B j = (f(x, y), g(x, y))

Ï¤ÌÂ fiÙÈ ¤¯ÂÈ fiÚÈÔ ÙÔ (Ï, Ì), ÁÈ· (x, y)Æ(x0, y0), fiÙ·Ó ÈÛ¯‡ÂÈ

f(x, y) = Ï   Î·È   g(x, y) = Ì.lim
(x, y)Æ(x0, y0)

lim
(x, y)Æ(x0, y0)

§‡ÛË

1.1.14ÕÛÎËÛË

2 Ø �
n

1
� Ø �

n

1
�

��

�
n

1
2
� + �

n

1
2
�
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ñ f(x, y) = �
1 – c

x

o
2

s�
+

x�
y

2

2

�+� y�2�
� = = �

1

2
� � �

2

Î·È f(x, y) = �
1

2
� Ø 12 = �

1

2
� �·ÊÔ‡ lim

nÆ0
�
Ë

n

Ìn
� = 1�

ñ g(x, y) = �
xsin

x

x
2

+

+

y

y2

siny
� = �

si

x

nx
� Ø �

x2

x

+

2

y2� + �
si

y

ny
� Ø �

x2

y

+

2

y2�

= �
si

x

nx
� �1 – �

x2

y

+

2

y2�� + �
si

y

ny
� Ø �

x2

y

+

2

y2�

= �
si

x

nx
� + ��si

x

nx
� – �

si

y

ny
�� Ø �

x2

y

+

2

y2�

� lim
xÆ0

�
si

x

nx
� = 0

� ���si

x

nx
� – �

si

y

ny
�� Ø �

x2

y

+

2

y2�� ≤ ��si

x

nx
� – �

si

y

ny
�� �·ÊÔ‡ 0 ≤ �

x2

y

+

2

y2� ≤ 1�
Î·È lim

xÆ0
yÆ0

��si

x

nx
� – �

si

y

ny
�� = 1 – 1 = 0,   

ÔfiÙÂ lim
xÆ0
yÆ0

��
s

x

in
� – �

si

y

ny
�� �

x2

y

+

2

y2� = 0.

ŒÙÛÈ, lim
xÆ0
yÆ0

g(x, y) = 1 + 0 = 1.

ÕÚ·, br(x, y) = �
1

2
� B i + B j = ��

1

2
� , 1� .

◆ ŒÛÙˆ Û˘Ó¿ÚÙËÛË f(x, y) ÌÂ Â‰›Ô ÔÚÈÛÌÔ‡ DÕ�2 Î·È ÛËÌÂ›Ô P(·, ‚)�D.

MÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ˆ˜ ÚÔ˜ x ÛÙÔ ÛËÌÂ›Ô (·, ‚) ÔÓÔÌ¿˙ÂÙ·È Ë ·-

MÂÚÈÎ¤˜ ·Ú¿ÁˆÁÔÈ1.2

lim
(x, y)Æ(0, 0)

lim
(x, y)Æ(0, 0)

sin���
x�2

2

�+� y�2�
��

�������
�
�x�2

2

�+� y�2�
�

2sin2���
x�2

2

�+� y�2�
��

��������x2 + y2
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Ú¿ÁˆÁÔ˜ ÙË˜ Û˘Ó¿ÚÙËÛË˜ g(x)=f(x, ‚) ÛÙÔ ÛËÌÂ›Ô x0=· Î·È Û˘Ì‚ÔÏ›˙ÂÙ·È
ÌÂ

�
∂f(

∂
·

x

, ‚)
� ‹     fx(·, ‚).

∂ÔÌ¤Óˆ˜

∞Ó Ë �
∂f(

∂
·

x

, ‚)
� Â›Ó·È ÂÂÚ·ÛÌ¤ÓË, ÙfiÙÂ Ë f Ï¤ÌÂ fiÙÈ Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ˆ˜

ÚÔ˜ x ÛÙÔ ÛËÌÂ›Ô (·, ‚).

√ÌÔ›ˆ˜, ÔÚ›˙Ô˘ÌÂ:

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË f(x, y) = � .

Œ¯Ô˘ÌÂ:

�
∂f(0

∂x

, 0)
� = lim

xÆ0
�
f(x, 0

x

) –

– 0

f(0, 0)
� = lim

xÆ0
�
0

x
� = 0

�
∂f(0

∂y

, 0)
� = lim

yÆ0
�
f(0, y

y

) –

– 0

f(0, 0)
� = 0

◆ ∏ Û˘Ó¿ÚÙËÛË f(x, y) Ï¤ÁÂÙ·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ÛËÌÂ›Ô (·, ‚), fiÙ·Ó Â›Ó·È
·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (·, ‚) ˆ˜ ÚÔ˜ x Î·È ˆ˜ ÚÔ˜ y. ∏ f(x, y) Ï¤ÁÂÙ·È ·-
Ú·ÁˆÁ›ÛÈÌË ÛÙÔ Û‡ÓÔÏÔ AÕD, fiÙ·Ó Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÂ Î¿ıÂ ÛËÌÂ›Ô
ÙÔ˘ ∞. ™ÙËÓ ÂÚ›ÙˆÛË ·˘Ù‹ ÔÚ›˙ÔÓÙ·È ÔÈ Û˘Ó·ÚÙ‹ÛÂÈ˜:

�
∂
∂
x

f
� ‹   fx(x, y)   (ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ˆ˜ ÚÔ˜ x)

�
∂
∂
y

f
� ‹   fy(x, y)   (ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ÚÔ˜ ÚÔ˜ y)

Î·È ÔÓÔÌ¿˙ÔÓÙ·È ÌÂÚÈÎ¤˜ ·Ú¿ÁˆÁÔÈ ÙË˜ f ÚÒÙË˜ Ù¿ÍË˜.
°È· Ó· ‚ÚÔ‡ÌÂ .¯. ÙËÓ �

∂
∂
x

f
� ·Ú·ÁˆÁ›˙Ô˘ÌÂ ÙËÓ f(x, y) ˆ˜ ÚÔ˜ x ıÂˆÚÒ-

ÓÙ·˜ ÙÔ y ÛÙ·ıÂÚ¿.

ŒÛÙˆ Ë Û˘Ó¿ÚÙËÛË z=e
�
x
y2

2
�

, yπ0.¶·Ú¿‰ÂÈÁÌ·

�
x2

2

+

xy

y2� ,  (x, y) π (0, 0)

0 ,  (x, y) = (0, 0)
¶·Ú¿‰ÂÈÁÌ·

�
∂f(

∂
·

y

, ‚)
� = lim

yÆ‚
�
f(·, y

y

) –

–

f

‚

(·, ‚)
�

�
∂f(

∂
·

x

, ‚)
� = lim

xÆ·
�
f(x, ‚

x

) –

–

f

·

(·, ‚)
�
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∂›Ó·È:

�
∂
∂
x

z
� = e Ø ��

x

y2

2

��
x

¢= e Ø �
2

y2

x
�

�
∂
∂
y

z
� = e Ø ��

x

y2

2

��
y

¢= e Øx2�– �
2

y4

y
�� = –e Ø �

2

y

x
3

2

� .

∏ ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ z=f(x, y) ÛÙÔ ÛËÌÂ›Ô (0, 1) ˆ˜ ÚÔ˜ x Â›Ó·È

�
∂f(0

∂x

, 1)
� = e0Ø0=0, 

ÂÓÒ ˆ˜ ÚÔ˜ y Â›Ó·È �
∂f(0

∂y

, 1)
� = –e0Ø0 = 0.

ñ ∂›Ó·È ‰˘Ó·ÙfiÓ Ë f(x, y) Ó· Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ÛËÌÂ›Ô (·, ‚) Î·È
Ó· ÌËÓ Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛËÌÂ›Ô ·˘Ùfi (ÛÂ ·ÓÙ›ıÂÛË ÌÂ ÙÈ˜ Û˘Ó·ÚÙ‹ÛÂÈ˜
ÌÈ·˜ ÌÂÙ·‚ÏËÙ‹˜) [‚Ï. Ú‰. ÚÔËÁÔ‡ÌÂÓË˜ ÛÂÏ›‰·˜ Î·È Ú‰. 13‚ ¨1.1.].

◆

ªÈ· ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ z=f(x, y) ·ÚÈÛÙ¿ÓÂÈ ÌÈ· ÂÈÊ¿ÓÂÈ· S ÛÙÔ ¯ÒÚÔ.
ÀÔı¤ÙÔ˘ÌÂ fiÙÈ Ë Û˘Ó¿ÚÙËÛË f Â›Ó·È Û˘ÓÂ¯‹˜ Î·È ‰¤¯ÂÙ·È ÌÂÚÈÎ¤˜ ·Ú·-
ÁÒÁÔ˘˜ Û˘ÓÂ¯Â›˜ ÛÙÔ ÛËÌÂ›Ô (·, ‚).

∆Ô ‰È¿Ó˘ÛÌ·

Â›Ó·È ÙÔ Î¿ıÂÙÔ ‰È¿Ó˘ÛÌ· ÙË˜ ÂÈÊ¿ÓÂÈ·˜ S ÛÙÔ ÛËÌÂ›Ô ª(·, ‚, f(·, ‚)).

∆Ô Â›Â‰Ô Ô˘ ÂÚÓ¿ ·fi ÙÔ ÛËÌÂ›Ô ª(·, ‚, f(·, ‚)) Î·È Â›Ó·È Î¿ıÂÙÔ ÛÙÔ
bn Â›Ó·È ÙÔ ÂÊ·ÙfiÌÂÓÔ Â›Â‰Ô ÙË˜ ÂÈÊ¿ÓÂÈ·˜ S ÛÙÔ ª Î·È ¤¯ÂÈ ÂÍ›ÛˆÛË:

∆Ô Â›Â‰Ô ·˘Ùfi Â›Ó·È Ô ÁÂˆÌÂÙÚÈÎfi˜ ÙfiÔ˜ ÙˆÓ ÂÊ·ÙÔÌ¤ÓˆÓ fiÏˆÓ ÙˆÓ
Î·Ì‡ÏˆÓ Ô˘ ÂÚÓÔ‡Ó ·fi ÙÔ ª Î·È ·Ó‹ÎÔ˘Ó ÛÙËÓ ÂÈÊ¿ÓÂÈ· S.

∆Ô Î¿ıÂÙÔ ‰È¿Ó˘ÛÌ· ÙË˜ ÂÈÊ¿ÓÂÈ·˜ z=(x–y)2 ÛÙÔ ÛËÌÂ›Ô¶·Ú¿‰ÂÈÁÌ·

z – f(·, ‚) = �
∂f(

∂
·

x

, ‚)
� (x–·) + �

∂f(

∂
·

y

, ‚)
� (x–‚)

bn = �– �
∂f(

∂
·

x

, ‚)
� ,  – �

∂f(

∂
·

y

, ‚)
� ,  1�

°ÂˆÌÂÙÚÈÎ‹ ÂÚÌËÓÂ›· ÙË˜ ÌÂÚÈÎ‹˜ ·Ú·ÁÒÁÔ˘

x2
�
y2

x2
�
y2

x2
�
y2

x2
�
y2

x2
�
y2
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ÙË˜ ª(2, 1, 1) Â›Ó·È ÙÔ

bn = �– �
∂f(2

∂x

, 1)
� ,  – �

∂f(2

∂y

, 1)
� ,  1� = (2, –2, 1) = 2 B i – 2 B j + bÎ,

·ÊÔ‡

�
∂f(

∂
x

x

, y)
� = 2(x–y),   �

∂f(

∂
x

y

, y)
� = 2(x–y)Ø(–1) = 2(y–x),

�
∂f(2

∂x

, 1)
� = 2(2–1) = 2   Î·È   �

∂f(2

∂y

, 1)
� = 2(1–2) = –2.

∆Ô ÂÊ·ÙfiÌÂÓÔ Â›Â‰Ô ÙË˜ ÂÈÊ¿ÓÂÈ·˜ ·˘Ù‹˜ ÛÙÔ ª ¤¯ÂÈ ÂÍ›ÛˆÛË

z – f(2, 1) = �
∂f(2

∂x

, 1)
� (x–2) + �

∂f(2

∂y

, 1)
� (y–1)

‹ z – 1 = 2(x–2) + (–2)(y–1)

‹ 2x – 2y – z – 1 = 0.

◆

√ ˘ÔÏÔÁÈÛÌfi˜ ÙË˜ ÌÂÚÈÎ‹˜ ·Ú·ÁÒÁÔ˘ ÌÈ·˜ ‰È·Ó˘ÛÌ·ÙÈÎ‹˜ Û˘Ó¿ÚÙËÛË˜,
·Ó¿ÁÂÙ·È ÛÙÔÓ ˘ÔÏÔÁÈÛÌfi ÙˆÓ ÌÂÚÈÎÒÓ ·Ú·ÁÒÁˆÓ ÙˆÓ Û˘ÓÙÂÙ·ÁÌ¤ÓˆÓ
ÙÔ˘˜.

¢ËÏ·‰‹, ·Ó br(x, y) = (f(x, y), g(x, y)), ÙfiÙÂ

�
∂
∂
x

r
� = ��

∂
∂
x

f
� ,  �

∂
∂
x

g
�� Î·È   �

∂
∂
y

br
� = ��

∂
∂
y

f
� ,  �

∂
∂
g

y
��

∞Ó br(x,y)=x3y2B i – ËÌ(xy) B j, ÙfiÙÂ

�
∂
∂
x

br
� = 3x2y2B i – yÛ˘Ó(xy) B j

Î·È �
∂
∂
y

br
� = 2x3yB i – xÛ˘Ó(xy) B j.

◆

∏ ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ˆ˜ ÚÔ˜ x ÙË˜ �
∂f(

∂
x

x

, y)
� = fx, ‰ËÏ·‰‹ Ë

ªÂÚÈÎ¤˜ ·Ú¿ÁˆÁÔÈ ·ÓÒÙÂÚË˜ Ù¿ÍË˜

¶·Ú¿‰ÂÈÁÌ·

ªÂÚÈÎ¤˜ ·Ú¿ÁˆÁÔÈ ‰È·Ó˘ÛÌ·ÙÈÎ‹˜ Û˘Ó¿ÚÙËÛË˜
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∞Ó f= f(x1, x2, …, xn) ÌÂ x1=x1(t), …, xn=xn(t), ÙfiÙÂ

.

∞Ó f = f(x1, x2, …, xn) ÌÂ

x1 = x1(t1, t2, …, tÌ)

x2 = x2(t1, t2, …, tÌ)

………………………

xn = xn(t1, t2, …, tm)

ÙfiÙÂ ÁÈ· Î¿ıÂ i�{1, 2, …, Ì} ÈÛ¯‡ÂÈ

.

ŒÛÙˆ f=x2e–y ÌÂ x=t˘2 Î·È y=ln(t2˘).¶·Ú¿‰ÂÈÁÌ·

�
∂
∂
t

f

i

� = �
∂
∂
x

f

1

� Ø �
∂
∂
x

t
1

i

� + �
∂
∂
x

f

2

� Ø �
∂
∂
x

t
2

i

� + … + �
∂
∂
x

f

n

� Ø �
∂
∂
x

t
n

i

�

3

�
d

d

t

f
� = �

∂
∂
x

f

1

� Ø �
d

d

x

t
1� + �

∂
∂
x

f

2

� Ø �
d

d

x

t
2� + … + �

∂
∂
x

f

n

� Ø �
d

d

x

t
n�

2
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∞Ó f=f(x, y), x=x(t, ˘) Î·È y=y(t, ˘), ÙfiÙÂ

�
∂
∂
t

f
� = �

∂
∂
x

f
� Ø �

∂
∂
x

t
� + �

∂
∂
y

f
� Ø �

∂
∂
y

t
� ,   ‰ËÏ·‰‹   

�
∂
∂
˘

f
� = �

∂
∂
x

f
� Ø �

∂
∂
˘

x
� + �

∂
∂
y

f
� Ø �

∂
∂
˘

y
� ,   ‰ËÏ·‰‹   f˘ = fxØx˘ + fyØy˘

ft = fxØxt + fyØyt

EÊ·ÚÌÔÁ‹:



Œ¯Ô˘ÌÂ:

ñ �
∂
∂
t

f
� = fxØxt + fyØyt = 2xe–yØ˘2 + (–x2e–y) Ø �

t2
1

˘
� Ø 2t˘

= 2t˘2Øe–ln(t2˘)Ø˘2 – t2˘4e–ln(t2˘) Ø �
2

t
�

= 2t˘2 Ø �
t2
1

˘
� Ø ˘2 – 2t˘4 Ø �

t2
1

˘
� = �

2˘

t

3

� – �
2˘

t

3

� = 0.

ñ �
∂
∂
˘

f
� = fxØx˘ + fyØy˘ = 2xe–yØ2t˘ – x2e–y Ø �

t2
1

˘
� Ø t2

= 2t˘2 Ø �
t2
1

˘
� Ø 2t˘ – t2˘4 Ø �

t2
1

˘
� Ø �

t2
1

˘
� Ø t2 = 4˘2 – ˘2 = 3˘2.

‚¢ÙÚfiÔ˜

f = x2e–y = t2˘4Øe–ln(t2˘) = t2˘4 Ø �
t2
1

˘
� = ˘3,  

ÔfiÙÂ �
∂
∂
t

f
� = 0   Î·È   �

∂
∂
˘

f
� = 3˘2.

£· ‚ÚÔ‡ÌÂ ÙË ‰Â‡ÙÂÚË ·Ú¿ÁˆÁÔ ˆ˜ ÚÔ˜ t ÌÈ·˜ Û‡ÓıÂÙË˜ Û˘Ó¿ÚÙËÛË˜
f(x, y) ÌÂ x=x(t) Î·È y=y(t).

Œ¯Ô˘ÌÂ: �
d

d

t

f
� = fx Ø �

d

d

x

t
� + fy Ø �

d

d

y

t
� (1)

¶·Ú·ÁˆÁ›˙Ô˘ÌÂ ˆ˜ ÚÔ˜ t (¿ıÚÔÈÛÌ· ‰‡Ô ÁÈÓÔÌ¤ÓˆÓ) Î·È ¤¯Ô˘ÌÂ

�
d

d

t

2

2

f
� = ��

d

d

f

t
x� Ø �

d

d

x

t
� + fx Ø �

d

d

2

t2
x

�� + ��
d

d

f

t
y� Ø �

d

d

y

t
� + fy Ø �

d

d

2

t2
y

�� (2)

£ÂˆÚÔ‡ÌÂ ÙÈ˜ fx, fy Û‡ÓıÂÙÂ˜ Û˘Ó·ÚÙ‹ÛÂÈ˜, fiˆ˜ Ë f, ÔfiÙÂ, Û‡ÌÊˆÓ· ÌÂ
ÙËÓ (1), ¤¯Ô˘ÌÂ

�
d

d

f

t
x� = fxx Ø �

d

d

x

t
� + fxy Ø �

d

d

y

t
� Î·È   �

d

d

f

t
y� = fyx Ø �

d

d

x

t
� + fyy Ø �

d

d

y

t
� .

∂›ÛË˜ ÈÛ¯‡ÂÈ fxy=fyx Î·È Ë (2) ÁÚ¿ÊÂÙ·È

4
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£· ‚ÚÔ‡ÌÂ ÙËÓ �
d

d

t

2

2

f
� , fiÙ·Ó

f=x3+y2z, x=t2, y=ËÌt, z=Û˘Ót.

·¢ÙÚfiÔ˜

f = t6 + ËÌ2tÛ˘Ót, 

ofiÙÂ

�
d

d

t

f
� = 6t5 + 2ËÌtÛ˘Ó2t – ËÌ3t

�
d

d

t

2

2

f
� = 30t4 + 2Û˘Ó3t + 2ËÌtØ2Û˘Ót(–ËÌt) – 3ËÌ2tÛ˘Ót

= 30t4 + 2Û˘Ó3t – 4ËÌ2t Û˘Ót –3ËÌ2tÛ˘Ót

= 30t4 + 2Û˘Ó3t – 7ËÌ2tÛ˘Ót

‚¢ÙÚfiÔ˜

�
d

d

t

f
� = �

∂
∂
x

f
� Ø �

d

d

x

t
� + �

∂
∂
y

f
� Ø �

d

d

y

t
� + �

∂
∂
z

f
� Ø �

d

d

z

t
�

= 3x2Ø2t + 2yzØÛ˘Ót + y2Ø(–ËÌt) = 6x2t + 2yzÛ˘Ót – y2ËÌt

Î·È

�
d

d

t

2

2

f
� = ��

∂
∂
x

f
� Ø �

d

d

x

t
� + �

∂
∂
y

f
� Ø �

d

d

y

t
� + �

∂
∂
z

f
� Ø �

d

d

z

t
��

(2)
+ �

∂
∂
x

f
� x¢¢(t) + �

∂
∂
y

f
� y¢¢(t) + �

∂
∂
z

f
� z¢¢(t)

= (fxØx¢(t)+fyØy¢(t)+fzØz¢(t))(2) + fxx¢¢(t) + fyØy¢¢(t) + fzØz¢¢(t)

= fxx(x¢(t))2 + fyy(y¢(t))2 + fzz(z¢(t))2 + 2fxyx¢(t)y¢(t) +

+ 2fxzx¢(t)z¢(t) + 2fyzy¢(t)z¢(t) + fxx¢¢(t) + fyy¢¢(t) + fzz¢¢(t)

= 6xØ(2t)2 + 2zØÛ˘Ó2t + 0 + 0 + 0 + 2Ø2yØÛ˘Ót(–ËÌt) + 3x2Ø2 +

+ 2yzØ(–ËÌt) + y2(–Û˘Ót)

= 30t4 + 2Û˘Ó3t – 7ËÌ2tÛ˘Ót.

¶·Ú¿‰ÂÈÁÌ·
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◆

∞Ó f(t) = � �,  

ÙfiÙÂ �
d

d

f(

t

t)
� = � � + … + � �.

·) ∞Ó f(t) = � �, 

ÙfiÙÂ �
d

d

f(

t

t)
� = � � + � � .

ñ ∞Ó Ë ÔÚ›˙Ô˘Û· ¤¯ÂÈ ÛÙÔÈ¯Â›· Û˘Ó·ÚÙ‹ÛÂÈ˜ ÂÚÈÛÛÔÙ¤ÚˆÓ ÙË˜ ÌÈ·˜
ÌÂÙ·‚ÏËÙÒÓ, ÙfiÙÂ ÈÛ¯‡ÂÈ Ô Ù‡Ô˜ ÌÂ ÌÂÚÈÎ¤˜ ·Ú·ÁÒÁÔ˘˜.

‚) ∞Ó f(x, y) = � �, 

ÙfiÙÂ �
∂
∂
x

f
� = � � + � �+

+ � �.
x + y 2xy2 exy

x2 + y3 3xy x2

Û˘Óx 0 �
Û˘Ó

y
2(xy)
�

x + y 2xy2 exy

2x 3y 2x
ËÌx Û˘Óy ÂÊ(xy)

1 2y2 yexy

x2 + y3 3xy x2

ËÌx Û˘Óy ÂÊ(xy)

x + y 2xy2 exy

x2 + y3 3xy x2

ËÌx Û˘Óy ÂÊ(xy)

ËÌt

et

3t2

–2ËÌ2t

Û˘Ót

et

6t

Û˘Ó2t

ËÌt

et

3t2

Û˘Ó2t

¶·Ú·‰Â›ÁÌ·Ù·

f11(t) f12(t) … f1n(t)

f21(t) f22(t) … f2n(t)

… … … …

�
d

d

fn
t
1� �

d

d

fn
t
2� … �

d

d

fn
t
n�

�
d

d

f1
t
1� �

d

d

f1
t
2� … �

d

d

f1
t
n�

f21(t) f22(t) … f2n(t)
… … … …

fn1(t) fn2(t) … fnn(t)

f11(t) f12(t) … f1n(t)
f21(t) f22(t) … f2n(t)

… … … …
fn1(t) fn2(t) … fnn(t)

¶·Ú¿ÁˆÁÔ˜ ÔÚ›˙Ô˘Û·˜
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°È· ÙË Û˘Ó¿ÚÙËÛË Ê=ln(x3+y3+z3–3xyz) Ó· ·Ô‰Â›ÍÂÙÂ ÙËÓ ÈÛfiÙËÙ·

�
∂
∂
Ê

x
� + �

∂
∂
Ê

y
� + �

∂
∂
Ê

z
� = �

x +

3

y + z
� .

�
∂
∂
Ê

x
� + �

∂
∂
Ê

y
� + �

∂
∂
Ê

z
� = + 

+ 

= = �
x +

3

y + z
� .

∞Ó z=exy2
, Ó· ‚ÚÂ›ÙÂ ÙËÓ �

∂x

∂3

∂
z

y2� .

ñ �
∂
∂
x

z
� = exy2

Ø(xy2)x¢= exy2
Øy2

ñ �
∂
∂
x

2

∂
z

y
� = �

∂
∂
y
� (exy2

Øy
2
) = exy2

Ø2xyØy2 + exy2
Ø2y = 2yexy2

(xy2+1)

ñ �
∂x

∂
∂

3

y

z
2� = �

∂
∂
y
� ��∂

∂
x

2

∂
z

y
��

= 2Øexy2
Ø(xy2+1) + 2yØexy2

Ø2xyØ(xy2+1) + 2yØexy2
Ø2xy

= 2Øexy2
[xy2+1+2xy2(xy2+1)+2xy2]

= 2Øexy2
(2x2y4+5xy2+1).

§‡ÛË

1.2.2ÕÛÎËÛË

3(x2+y2+z2–xy–yz–zx)
����
(x+y+z)(x2+y2+z2–xy–yz–zx)

3z2–3xy
���
x3 + y3 + z3 – 3xyz

3y2 – 3xz
���
x3 + y3 + z3 – 3xyz

3x2 – 3yz
���
x3 + y3 + z3 – 3xyz

§‡ÛË

1.2.1ÕÛÎËÛË

YÔ‰ÂÈÁÌ·ÙÈÎ¤˜ ·ÛÎ‹ÛÂÈ˜ ÛÙÈ˜ ÌÂÚÈÎ¤˜ ·Ú·ÁÒÁÔ˘˜
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¡· ‚ÚÂ›ÙÂ ÙËÓ ·Ú¿ÁˆÁÔ ˆ˜ ÚÔ˜ x Î·È ˆ˜ ÚÔ˜ y ÙË˜ Û˘Ó¿ÚÙËÛË˜

f(x, y) = � .

ñ ∏ ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ˆ˜ ÚÔ˜ x ÛÂ Î¿ıÂ ÛËÌÂ›Ô (x, y)π(0, 0) Â›Ó·È

fx = �
∂
∂
x
� ��xy

x

(
2

x

+

2–

y

y
2

2)
�� = �

∂
∂
x
� ��xx

3y
2 +

– x

y

y
2

3

��

= = �
y(x4

(

+

x2

4

+

x2

y

y
2

2

)2
–y4)

� ,

ÂÓÒ Ë ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ˆ˜ ÚÔ˜ y ÛÙÔ (x, y)π(0, 0) Â›Ó·È

fy = �
∂
∂
y
� ��xx

3y
2 +

– x

y

y
2

3

�� = 

= �
x(x4

(x

–
2

4

+

x

y

2

2

y

)

2

2

–y4

� .

ñ ∏ ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ˆ˜ ÚÔ˜ x ÛÙÔ ÛËÌÂ›Ô (0, 0) Â›Ó·È

fx(0, 0) = lim
xÆ0

�
f(x, 0

x

) –

–

f

0

(0, 0)
� = lim

xÆ0
0 = 0,

ÂÓÒ Ë ÌÂÚÈÎ‹ ·Ú¿ÁˆÁÔ˜ ÙË˜ f ˆ˜ ÚÔ˜ y ÛÙÔ (0, 0) Â›Ó·È

fy(0, 0) = lim
yÆ0

�
f(0, y

y

) –

–

f

0

(0, 0)
� = 0.

°È· ÙË Û‡ÓıÂÙË Û˘Ó¿ÚÙËÛË f(x, y) ÌÂ x=ÚÛ˘Óı Î·È y=ÚËÌı, Ó· ·Ô‰Â›-
ÍÂÙÂ fiÙÈ ÈÛ¯‡ÂÈ

��
∂
∂
Ú

f
��

2
+ �

Ú

1
2� ��

∂
∂
ı

f
��

2
= ��

∂
∂
x

f
��

2
+ ��

∂
∂
y

f
��

2
.

1.2.4ÕÛÎËÛË

(x3–3xy2)(x2+y2) – (x3y–xy3)Ø2y
����

(x2+y2)2

(3x2y–y3)(x2+y2) – (x3y–xy3)Ø2x
����

(x2+y2)2

§‡ÛË

�
xy

x

(
2

x

+

2–y

y

2

2

)
�,  ·Ó  x2 + y2 > 0

0 ,  ·Ó  x = y = 0

1.2.3ÕÛÎËÛË
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ñ �
∂
∂
Ú

f
� = �

∂
∂
x

f
� Ø �

∂
∂
x

Ú
� + �

∂
∂
y

f
� Ø �

∂
∂
Ú

y
� = Û˘Óı Ø �

∂
∂
x

f
� + ËÌı Ø �

∂
∂
y

f
� .

ñ �
∂
∂
ı

f
� = �

∂
∂
x

f
� Ø �

∂
∂
x

ı
� + �

∂
∂
y

f
� Ø �

∂
∂
y

ı
� = �

∂
∂
x

f
� (–ÚËÌı) + �

∂
∂
y

f
� (ÚÛ˘Óı)

= Ú�Û˘Óı Ø �
∂
∂
y

f
� – ËÌı Ø �

∂
∂
x

f
�� .

ÕÚ·

��
∂
∂
Ú

f
��

2
+ �

Ú

1
2� ��

∂
∂
ı

f
��

2
= �Û˘Óı Ø �

∂
∂
x

f
� + ËÌı Ø �

∂
∂
y

f
��

2
+ �

Ú

1
2� Ø Ú2�Û˘Óı Ø �

∂
∂
y

f
� – ËÌı Ø �

∂
∂
x

f
��

2

= Û˘Ó2ı���
∂
∂
x

f
��

2
+ ��

∂
∂
y

f
��

2

� + ËÌ2ı���
∂
∂
x

f
��

2
+ ��

∂
∂
y

f
��

2

�
= ��

∂
∂
x

f
��

2
+ ��

∂
∂
y

f
��

2
.

°È· ÙË Û‡ÓıÂÙË Û˘Ó¿ÚÙËÛË f(x, y) ÌÂ x=ue˘ Î·È y=ue–˘, Ó· ·Ô‰Â›ÍÂÙÂ
fiÙÈ:

u2fuu + f˘˘ – ufu = 2(x2fxx+y2fyy).

ñ fu = �
∂
∂
u

f
� = �

∂
∂
x

f
� Ø �

∂
∂
u

x
� + �

∂
∂
y

f
� Ø �

∂
∂
u

y
� = fxØe˘ + fyØe–˘

ñ fuu = �
∂
∂
u

2f
2� = ��

∂
∂
x

f
� Ø �

∂
∂
u

x
� + �

∂
∂
y

f
� Ø �

∂
∂
u

y
��

(2)
+ �

∂
∂
x

f
� Ø �

∂
∂
u

2x
2� + �

∂
∂
y

f
� Ø �

∂
∂
u

2y
2�

= (fxØe˘+fyØe–˘)(2) + fxØ0 + fyØ0

= fxxØ(e˘)2 + fyyØ(e–˘)2 + 2fxye
˘e–˘

= fxxe
2˘ + fyye

–2˘ + 2fxy.

§‡ÛË

1.2.5ÕÛÎËÛË

§‡ÛË
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